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Definition of B

We can define a magnetic field B to be a vector quantity that exists when it exerts a 
force FB  on a charge moving with velocity v.  We can next measure the magnitude of 
FB when v is directed perpendicular to that force and then define the magnitude of B
in terms of that force magnitude:

where q is the charge of the particle. We can summarize all these results with the 
following vector equation:

that is, the force FB on the particle by the field B is equal to the charge q times the 
cross product of its velocity v and the field B (all measured in the same reference 
frame). We can write the magnitude of FB as  

where ϕ is the angle between the directions of velocity v and magnetic field B.
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Magnetic Force on a Particle

This equation tells us the direction of F. We know the cross product of v and B is a vector 
that is perpendicular to these two vectors. The right-hand rule (Figs. a-c) tells us that the 
thumb of the right hand points in the direction of v × B when the fingers sweep v into B. If q
is positive, then the force FB has the same sign as v × B and thus must be in the same 
direction; that is, for positive q, FB is directed along the thumb (Fig. d). If q is negative, then 
the force FB and cross product v × B have opposite signs and thus must be in opposite 
directions. For negative q, F is directed opposite the thumb (Fig. e).

BF qv B 



11

Magnetic Field Lines

We can represent magnetic fields with field lines, as we did for electric fields. Similar rules 
apply:
(1) the direction of the tangent to a magnetic field line at any point gives the direction of B

at that point 
(2) the spacing of the lines represents the magnitude of B — the magnetic field is stronger 

where the lines are closer together, and conversely.

Two Poles. The (closed) field lines enter 
one end of a magnet and exit the other 
end. The end of a magnet from which the 
field lines emerge is called the north pole 
of the magnet; the other end, where field 
lines enter the magnet, is called the south 
pole. Because a magnet has two poles, it 
is said to be a magnetic dipole.

The magnetic field 
lines for a bar magnet.
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Gauss’s Law of Magnetic Field

Gauss’ law for magnetic fields is a formal way of saying 
that magnetic monopoles do not exist. The law asserts 
that the net magnetic flux ΦB through any closed 
Gaussian surface is zero:

Contrast this with Gauss’ law for electric fields,

If you break a 
magnet, each 
fragment becomes 
a separate 
magnet, with its 
own north and 
south poles.

The field lines for the 
magnetic field B of a 
short bar magnet. The 
red curves represent 
cross sections of 
closed, three-
dimensional Gaussian 
surfaces.

Gauss’ law for magnetic fields says that there 
can be no net magnetic flux through the 
surface because there can be no net “magnetic 
charge” (individual magnetic poles) enclosed 
by the surface. 
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Discovery of the Electron

A modern version of J. J. Thomson’s 
apparatus for measuring the ratio of mass 
to charge for the electron. An electric field 
E is established by connecting a battery 
across the deflecting-plate terminals. The 
magnetic field B is set up by means of a 
current in a system of coils (not shown). 
The magnetic field shown is into the plane 
of the figure, as represented by the array 
of Xs.

If a charged particle moves through a region containing both an electric field and a magnetic 
field, it can be affected by both an electric force and a magnetic force. 

When the two fields are perpendicular to each other, they are said to be crossed fields.

If the forces are in opposite directions, one particular speed will result in no deflection of the 
particle.
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Hall Effect

As we just discussed, a beam of electrons in a 
vacuum can be deflected by a magnetic field. 
Can the drifting conduction electrons in a 
copper wire also be deflected by a magnetic 
field?

In 1879, Edwin H. Hall, then a 24-year-old 
graduate student at the Johns Hopkins 
University, showed that they can.

This Hall effect allows us to find out whether the 
charge carriers in a conductor are positively or 
negatively charged. Beyond that, we can 
measure the number of such carriers per unit 
volume of the conductor.

Figure (a) shows a copper strip of width d, 
carrying a current i whose conventional 
direction is from the top of the figure to the 
bottom. The charge carriers are electrons 
and, as we know, they drift (with drift speed 
vd) in the opposite direction, from bottom to 
top.

As time goes on, electrons move to the right, 
mostly piling up on the right edge of the 
strip, leaving uncompensated positive 
charges in fixed positions at the left edge as 
shown in figure (b).
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Hall Effect

When a uniform magnetic field B is applied to a 
conducting strip carrying current i, with the field 
perpendicular to the direction of the current, a Hall-
effect potential difference V is set up across the strip.

The electric force FE on the charge carriers is then 
balanced by the magnetic force FB on them. The 
number density n of the charge carriers can then be 
determined from

in which l (= A/d) is the thickness of the strip. With this 
equation we can find n from measurable quantities.

When a conductor moves through a uniform magnetic 
field B at speed vd, the Hall-effect potential difference V 
across it is

where d is the width perpendicular to both velocity vd

and field B.
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Circulating Charged Particle

A beam of electrons is projected 
into a chamber by an electron gun 
G. The electrons enter in the 
plane of the page with speed v
and then move in a region of 
uniform magnetic field B directed 
out of that plane. As a result, a 
magnetic force FB= q(v×B)
continuously deflects the 
electrons, and because v and B
are always perpendicular to each 
other, this deflection causes the 
electrons to follow a circular path. 
The path is visible in the photo 
because atoms of gas in the 
chamber emit light when some of 
the circulating electrons collide 
with them.

Applying Newton’s second law to the circular motion yields

Therefore, the radius r of the circle is
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Cyclotron
The figure is a top view of the region of a cyclotron in which the particles (protons, say) 
circulate. The two hollow D-shaped objects (each open on its straight edge) are made 
of sheet copper. These dees, as they are called, are part of an electrical oscillator that 
alternates the electric potential difference across the gap between the dees. The 
electrical signs of the dees are alternated so that the electric field in the gap alternates 
in direction, first toward one dee and then toward the other dee, back and forth. The 
dees are immersed in a large magnetic field directed out of the plane of the page. The 
magnitude B of this field is set via a control on the electromagnet producing the field.

The key to the operation of the cyclotron is that the frequency f at which the 
proton circulates in the magnetic field (and that does not depend on its 
speed) must be equal to the fixed frequency fosc of the electrical oscillator, or

This resonance condition says that, if the energy of the circulating proton is to 
increase, energy must be fed to it at a frequency fosc that is equal to the 
natural frequency f at which the proton circulates in the magnetic field.

osc   (resonance condition)f f



18

Synchrotron

Proton Synchrotron: The magnetic field B and the oscillator frequency fosc, instead of 
having fixed values as in the conventional cyclotron, are made to vary with time during 
the accelerating cycle. When this is done properly, (1) the frequency of the circulating 
protons remains in step with the oscillator at all times, and (2) the protons follow a 
circular — not a spiral — path. Thus, the magnet need extend only along that circular 
path, not over some 4  106 m2. The circular path, however, still must be large if high 
energies are to be achieved.
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Magnetic Force on a Current-carrying Wire

A flexible wire passes between 
the pole faces of a magnet (only 
the farther pole face is shown). 
(a) Without current in the wire, 
the wire is straight. (b) With 
upward current, the wire is 
deflected rightward. (c) With 
downward current, the deflection 
is leftward.

A straight wire carrying a current i in a uniform 
magnetic field experiences a sideways force

Here L is a length vector that has magnitude L and is 
directed along the wire segment in the direction of 
the (conventional) current.

Crooked Wire. If a wire is not straight or the field is 
not uniform, we can imagine the wire broken up into 
small straight segments. The force on the wire as a 
whole is then the vector sum of all the forces on the 
segments that make it up. In the differential limit, we 
can write

and the direction of length vector L or dL is in the 
direction of i.

   (force on a current)BF iL B 

BdF idL B 

  and  L B
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Torque on a Current Loop

The elements of an electric 
motor: A rectangular loop of wire, 
carrying a current and free to 
rotate about a fixed axis, is placed 
in a magnetic field. Magnetic 
forces on the wire produce a 
torque that rotates it. A 
commutator (not shown) reverses 
the direction of the current every 
half-revolution so that the torque 
always acts in the same direction.

As shown in the figure, the net 
force on the loop is the vector 
sum of the forces acting on its 
four sides and comes out to be 
zero. The net torque acting on 
the coil has a magnitude given by

where N is the number of turns in the coil, A is the 
area of each turn, i is the current, B is the field 
magnitude, and θ is the angle between the magnetic 
field B and the normal vector to the coil n.

sin sin sinbF bNiLB NiAB     

  r F
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Magnetic Dipole Moment

A coil (of area A and N turns, carrying current i) in a uniform magnetic field B will 
experience a torque τ given by

where μ is the magnetic dipole moment of the coil, with magnitude μ = NiA and 
direction given by the right- hand rule.

The orientation (potential) energy of a magnetic dipole in a magnetic field is

If an external agent rotates a magnetic dipole from 
an initial orientation θi to some other orientation θf

and the dipole is stationary both initially and finally, 
the work Wa done on the dipole by the agent is

nNiAa B B    

( )U B   

a f iW U U U   
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Force between Two Parallel Currents

Parallel wires carrying currents in the same direction 
attract each other, whereas parallel wires carrying currents 
in opposite directions repel each other. The magnitude of 
the force on a length L of either wire is

where d is the wire separation, and ia and ib are the 
currents in the wires.

The general procedure for finding the force on a current-
carrying wire is this:

Similarly, if the two currents were anti-parallel, we could 
show that the two wires repel each other. 

Two parallel wires carrying cur-rents 
in the same direction attract each 
other. 

A rail gun, as a current i is set up in it. 
The current rapidly causes the 
conducting fuse to vaporize.

0sin90
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Magnetic Field due to a Current

The magnitude of the field dB produced at point P
at distance r by a current-length element ds turns 
out to be

where θ is the angle between the directions of ds and ȓ, a 
unit vector that points from ds toward P. Symbol μ0 is a 
constant, called the permeability constant, whose value is 
defined to be exactly

The direction of dB, shown as being into the page in the figure, is that of the cross 
product ds×ȓ. We can therefore write the above equation containing dB in vector form as

This vector equation and its scalar form are known as the law of Biot and Savart.

0

2

sin

4

ids
dB

r

 




7 6

0 4 10  T m/A  1.26 10  T m/A        

0

2

ˆ

4

ids r
dB

r










24

Ampere’s law states that

The line integral in this equation is evaluated around a 
closed loop called an Amperian loop. The current i on the 
right side is the net current encircled by the loop.

Ampere’s Law

Ampere’s law applied to an 
arbitrary Amperian loop that 
encircles two long straight wires 
but excludes a third wire. Note 
the directions of the currents.

A right-hand rule for 
Ampere’s law, to 
determine the signs for 
currents encircled by an 
Amperian loop. 

Magnetic fields of a long straight wire 
with current:

0 encB ds i 

0   (outside straight wire)
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Magnetic Field due to a Current

Figure: The magnetic field lines 
produced by a current in along 
straight wire form concentric 
circles around the wire. Here the 
current is into the page, as 
indicated by the X.

For a long straight wire carrying a 
current i, the Biot–Savart law gives, 
for the magnitude of the magnetic 
field at a perpendicular distance R
from the wire,

The magnitude of the magnetic field at the center of a circular arc, 
of radius R and central angle ϕ (in radians), carrying current i, is
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Magnetic Field of a Solenoid

Figure (a) is a solenoid carrying current i. 
Figure (b) shows a section through a 
portion of a “stretched-out” solenoid. The 
solenoid’s magnetic field is the vector sum 
of the fields produced by the individual 
turns (windings) that make up the solenoid. 
For points very close to a turn, the wire 
behaves magnetically almost like a long 
straight wire, and the lines of B there are 
almost concentric circles. Figure (b) 
suggests that the field tends to cancel 
between adjacent turns. It also suggests 
that, at points inside the solenoid and 
reasonably far from the wire, B is 
approximately parallel to the (central) 
solenoid axis. 

(a)

(b)
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Magnetic Field of a Solenoid

Let us now apply Ampere’s law,

to the ideal solenoid of Fig. (a), where B is uniform within 
the solenoid and zero outside it, using the rectangular 
Amperian loop abcda. We write as the sum of 
four integrals, one for each loop segment:

The first integral on the right of equation is Bh, where B is the magnitude of the uniform 
field B inside the solenoid and h is the (arbitrary) length of the segment from a to b. The 
second and fourth integrals are zero because for every element ds of these segments, B
either is perpendicular to ds or is zero, and thus the product Bds is zero. The third integral, 
which is taken along a segment that lies outside the solenoid, is zero because B=0 at all 
external points. Thus, for the entire rectangular loop has the value Bh.
Inside a long solenoid carrying current i, at points not near its ends, the magnitude B of the 
magnetic field is

(a)

0 encB ds i 

b c d a

a b c d
B ds B ds B ds B ds B ds            

B ds

B ds

0 0   (ideal solenoid)
N

B in i
L
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Magnetic Field of a Toroid

Figure (a) shows a toroid, which we may describe as a (hollow) 
solenoid that has been curved until its two ends meet, forming a 
sort of hollow bracelet. What magnetic field B is set up inside the 
toroid (inside the hollow of the bracelet)? We can find out from 
Ampere’s law and the symmetry of the bracelet. From the 
symmetry, we see that the lines of B form concentric circles 
inside the toroid, directed as shown in Fig. (b). Let us choose a 
concentric circle of radius r as an Amperian loop and traverse it in 
the clockwise direction. Ampere’s law yields

where i is the current in the toroid windings (and is positive for 
those windings enclosed by the Amperian loop) and N is the total 
number of turns. This gives

In contrast to the situation for a solenoid, B is not constant over the cross section of a 
toroid.

0 1
  (toroid)

2

iN
B

r






  02B r iN 



29

Current-carrying Coil as a Magnetic Dipole

The magnetic field produced by a current-carrying 
coil, which is a magnetic dipole, at a point P located a 
distance z along the coil’s perpendicular central axis 
is parallel to the axis and is given by

Here μ is the dipole moment of the coil. This 
equation applies only when z is much greater than 
the dimensions of the coil.

We have two ways in which we can regard a current-carrying coil as a magnetic dipole:

(1) It experiences a torque when we place it in an external magnetic field. 
(2) It generates its own intrinsic magnetic field, given, for distant points along its axis, by

the above equation. Figure shows the magnetic field of a current loop; one side of 
the loop acts as a north pole (in the direction of μ)

  0

3
  (current-carrying coil)

2
B z

z
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Faraday’s Law and Lenz’s Law

First Experiment. Figure shows a conducting loop 
connected to a sensitive ammeter. Because there is no 
battery or other source of emf included, there is no 
current in the circuit. However, if we move a bar magnet 
toward the loop, a current suddenly appears in the 
circuit. The current disappears when the magnet stops 
moving. If we then move the magnet away, a current 
again suddenly appears, but now in the opposite 
direction. If we experimented for a while, we would 
discover the following:

1. A current appears only if there is relative motion between the loop and the 
magnet (one must move relative to the other); the current disappears when the 
relative motion between them ceases.

2. Faster motion of the magnet produces a greater current.

3. If moving the magnet’s north pole toward the loop causes, say, clockwise current, 
then moving the north pole away causes counterclockwise current. Moving the 
south pole toward or away from the loop also causes currents, but in the 
reversed directions from the north pole effects.
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Faraday’s Law and Lenz’s Law

Second Experiment. For this experiment we use the 
apparatus shown in the figure, with the two 
conducting loops close to each other but not 
touching. If we close switch S to turn on a current in 
the right-hand loop, the meter suddenly and briefly 
registers a current—an induced current—in the left-
hand loop. If the switch remains closed, no further 
current is observed. If we then open the switch, 
another sudden and brief induced current appears in 
the left-hand loop, but in the opposite direction.

We get an induced current (from an induced emf) only when the current in 
the right-hand loop is changing (either turning on or turning off) and not 
when it is constant (even if it is large). The induced emf and induced 
current in these experiments are apparently caused when something 
changes — but what is that “something”? Faraday knew.
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Faraday’s Law of Induction

The magnetic flux ΦB through an area A in a magnetic field B is defined as

where the integral is taken over the area. The SI unit of magnetic flux is the weber, 
where 1 Wb = 1 Tm2.

If B is perpendicular to the area and uniform over it, the flux is

Faraday realized that an emf and a current can be 
induced in a loop, as in our two experiments, by 
changing the amount of magnetic field passing 
through the loop. He further realized that the “amount 
of magnetic field” can be visualized in terms of the 
magnetic field lines passing through the loop.

B B dA  

  (  area ,  uniform)B BA B A B  
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Faraday’s Law of Induction

Faraday’s Law. With the notion of magnetic flux, we can state Faraday’s law in a 
more quantitative and useful way:

The induced emf tends to oppose the flux change and the minus sign indicates this opposition. 
This minus sign is referred to as Lenz’s Law.


    

B
d d

B dA
dt dt

emf
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Lenz’s Law

An induced current has a direction such that the magnetic field due to this induced 
current opposes the change in the magnetic flux that induces the current. The induced 
emf has the same direction as the induced current.

As the magnet is moved toward the 
loop, a current is induced in the loop. 
The current produces its own magnetic 
field, with magnetic dipole moment μ
oriented so as to oppose the motion of 
the magnet. Thus, the induced current 
must be counterclockwise as shown.
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Lenz’s Law

The direction of the current i induced in a loop is such that the current’s magnetic field Bind opposes 
the change in the magnetic field B inducing i. The field Bind is always directed opposite an increasing 
field B (a, c) and in the same direction as a decreasing field B (b, d ). The curled – straight right-hand 
rule gives the direction of the induced current based on the direction of the induced field.
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Induction and Energy Transfer

In the figure, a rectangular loop of wire of width 
L has one end in a uniform external magnetic 
field that is directed perpendicularly into the 
plane of the loop. This field may be produced, for 
example, by a large electromagnet. The dashed 
lines in the figure show the assumed limits of the 
magnetic field; the fringing of the field at its 
edges is neglected. You are to pull this loop to 
the right at a constant velocity v.

Flux change: In the figure, a magnetic field and a conducting loop are in relative 
motion at speed v and the flux of the field through the loop is changing with time 
(here the flux is changing as the area of the loop still in the magnetic field is 
changing).
Rate of Work: To pull the loop at a constant velocity v, you must apply a constant 
force F to the loop because a magnetic force of equal magnitude but opposite 
direction acts on the loop to oppose you. The rate at which you do work — that is, 
the power — is then

where F is the magnitude of the force you apply to the loop.

P Fv



37

Induction and Energy Transfer

Induced emf: To find the current, we first apply Faraday’s 
law. When x is the length of the loop still in the magnetic 
field, the area of the loop still in the field is Lx. Then, the 
magnitude of the flux through the loop is

As x decreases, the flux decreases. Faraday’s law tells us that 
an emf is induced in the loop. We can write the magnitude 
of this emf as

in which we have replaced dx/dt with v, the speed at which the loop 
moves.

B BA BLx  


   B
d d dx

BLx BL BLv
d d

f
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m
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Induction and Energy Transfer

Induced Current: Figure (bottom) shows the loop as a 
circuit: induced emf is represented on the left, and the 
collective resistance R of the loop is represented on the 
right. To find the magnitude of the induced current, we 
can apply the equation which gives

In the Fig. (top), the deflecting forces acting on the 
three segments of the loop are marked F1, F2, and F3. 
Note, however, that from the symmetry, forces F2 and F3

are equal in magnitude and cancel. This leaves only 
force F1, which is directed opposite your force F on the 
loop and thus is the force opposing you. 

i emf R

i
BLv

R

A circuit diagram for 
the loop of above 
figure while the loop is 
moving.
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Induction and Energy Transfer

So, F = -F1. The magnitude of F1  thus

where the angle between B and the length vector L for the 
left segment is 90°. This gives us

Because B, L, and R are constants, the speed v at which you 
move the loop is constant if the magnitude F of the force 
you apply to the loop is also constant.

Rate of Work: We find the rate at which you do work on 
the loop as you pull it from the magnetic field:

NOTE: The work that you do in pulling the loop through the 
magnetic field appears as thermal energy in the loop.
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P v
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A circuit diagram for 
the loop of above 
figure while the loop is 
moving.
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Induced Electric Field

Therefore, an emf is induced by a changing magnetic flux even if the loop through which the flux 
is changing is not a physical conductor but an imaginary line. The changing magnetic field induces 
an electric field E at every point of such a loop; the induced emf is related to E by

(a) If the magnetic field increases at a 
steady rate, a constant induced current 
appears, as shown, in the copper ring of 
radius r. (b) An induced electric field exists 
even when the ring is removed; the electric 
field is shown at four points. (c) The 
complete picture of the induced electric 
field, displayed as field lines. (d) Four similar 
closed paths that enclose identical areas. 
Equal emfs are induced around paths 1 and 
2, which lie entirely within the region of 
changing magnetic field. A smaller emf is 
induced around path 3, which only partially 
lies in that region. No net emf is induced 
around path 4, which lies entirely outside 
the magnetic field.

  E df sem



41

Induced Electric Field

Using the induced electric field, we 
can write Faraday’s law in its most 
general form as

A changing magnetic field produces 
an electric field.

Induced electric fields are produced not by static charges but by a changing 
magnetic flux. Electric potential has meaning only for electric fields that are 
produced by static charges; it has no meaning for electric fields that are 
produced by induction.
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Inductor and Inductance

The crude inductors with which Michael 
Faraday discovered the law of induction. 
In those days amenities such as insulated 
wire were not commercially available. It 
is said that Faraday insulated his wires by 
wrapping them with strips cut from one 
of his wife’s petticoats.

An inductor is a device that can be used to produce 
a known magnetic field in a specified region. If a 
current i is established through each of the N 
windings of an inductor, a magnetic flux ΦB links 
those windings. The inductance L of the inductor is

The SI unit of inductance is the henry (H), where 
1 henry = 1 H = 1 Tm2/A.

The inductance per unit length near the middle of a 
long solenoid of cross-sectional area A and n turns 
per unit length is
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Self-induction

If two coils — which we can now call inductors — are near 
each other, a current i in one coil produces a magnetic flux
ΦB through the second coil. We have seen that if we 
change this flux by changing the current, an induced emf
appears in the second coil according to Faraday’s law. An 
induced emf appears in the first coil as well. This process 
(see Figure) is called self-induction, and the emf that 
appears is called a self-induced emf. It obeys Faraday’s law 
of induction just as other induced emfs do. 

For any inductor,

Faraday’s law tells us that

By combining these equations, we can write

An induced emf appears in any coil in which the 
current is changing.

Note: In any inductor (such as a coil, a 
solenoid, or a toroid), a self-induced 
emf appears whenever the current 
changes with time. The magnitude of 
the current has no influence on the 
magnitude of the induced emf; only 
the rate of change of the current 
counts.
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Consider a length l near the middle of a long solenoid of cross-sectional area A carrying 
current i; the volume associated with this length is Al. The energy UB stored by the length l
of the solenoid must lie entirely within this volume because the magnetic field outside 
such a solenoid is approximately zero. Moreover, the stored energy must be uniformly 
distributed within the solenoid because the magnetic field is (approximately) uniform 
everywhere inside. Thus, the energy stored per unit volume of the field is

We have,

here L is the inductance of length l of the solenoid.

Energy Stored in a Magnetic Field

Since                    ,  we get

Since                 ,  we can write the energy density as
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If an inductor L carries a current i, the inductor’s magnetic field stores an energy given by
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Mutual Induction

If coils 1 and 2 are near each other, a changing current in either coil can induce an emf
in the other. This mutual induction is described by

(a) The magnetic field B1

produced by current i1 in coil 1 
extends through coil 2. If i1 is 
varied (by varying resistance R), 
an emf is induced in coil 2 and 
current registers on the meter 
connected to coil 2. (b) The roles 
of the coils interchanged.
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Electromagnetic Oscillation

Eight stages in a single cycle of 
oscillation of a resistance-less LC
circuit. The bar graphs by each 
figure show the stored magnetic 
and electrical energies. The 
magnetic field lines of the 
inductor and the electric field 
lines of the capacitor are shown. 
(a) Capacitor with maximum 
charge, no current. (b) Capacitor 
discharging, current increasing. 
(c) Capacitor fully discharged, 
current maximum. (d) Capacitor 
charging but with polarity 
opposite that in (a), current 
decreasing.

(e) Capacitor with maximum charge having polarity opposite that in (a), no current. ( f ) Capacitor 
discharging, current increasing with direction opposite that in (b). (g) Capacitor fully discharged, 
current maximum. (h) Capacitor charging, current decreasing.
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Electromagnetic Oscillation

Parts (a) through (h) of the 
Figure show succeeding stages 
of the oscillations in a simple 
LC circuit. The energy stored in 
the electric field of the 
capacitor at any time is

where q is the charge on the 
capacitor at that time. The 
energy stored in the magnetic 
field of the inductor at any 
time is

where i is the current through 
the inductor at that time.

The resulting oscillations of the capacitor’s electric field and the inductor’s magnetic field 
are said to be electromagnetic oscillations.
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LC Oscillator

The total energy U present at any instant in an oscillating LC circuit is given by

in which UB is the energy stored in the magnetic field of the inductor and UE is the 
energy stored in the electric field of the capacitor. Since we have assumed the circuit 
resistance to be zero, no energy is transferred to thermal energy and U remains constant 
with time. In more formal language, dU/dt must be zero. This leads to

However, i = dq/dt and di/dt = d2q/dt2. With these substitutions, we get

This is the differential equation that describes the oscillations of a resistance-less LC 
circuit.
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Charge and Current Oscillation

The solution for the differential equation equation that describes the oscillations of a 
resistance-less LC circuit is 

where Q is the amplitude of the charge variations, ω is the angular frequency of the 
electromagnetic oscillations, and ϕ is the phase constant. 

The angular frequency is

Taking the first derivative of the above equation with respect to time gives us the 
current:

   cosq Q t

      sin
dq

i Q t
dt
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Electric and Magnetic Energy Oscillation

The electrical energy stored in the LC circuit at time t is,

The magnetic energy is,

Figure shows plots of UE (t) and UB (t) for the case of ϕ = 0. 

Note that
1. The maximum values of UE and UB are both Q2/2C.
2. At any instant the sum of UE and UB is equal to Q2/2C, 

a constant.
3. When UE is maximum, UB is zero, and conversely.

The stored magnetic energy 
and electrical energy in the RL
circuit as a function of time.
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Now, however, this total energy decreases as energy is 
transferred to thermal energy. The rate of that transfer is,

where the minus sign indicates that U decreases. By 
differentiating U with respect to time and then substituting 
the result we eventually  get,

which is the differential equation for damped oscillations in an 
RLC circuit.

Damped Oscillation in an RLC Circuit

A series RLC circuit. As the 
charge contained in the circuit 
oscillates back and forth 
through the resistance, 
electromagnetic energy is 
dissipated as thermal energy, 
damping (decreasing the 
amplitude of) the oscillations.

To analyze the oscillations of this circuit, we write an equation 
for the total electromagnetic energy U in the circuit at any 
instant. Because the resistance does not store electromagnetic 
energy, we can write

Charge Decay. The solution to above Eq. is

in which and                              
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Alternating Current (AC)

The basic mechanism of an alternating-
current generator is a conducting loop 
rotated in an external magnetic field. 
In practice, the alternating emf
induced in a coil of many turns of wire 
is made accessible by means of slip 
rings attached to the rotating loop. 
Each ring is connected to one end of 
the loop wire and is electrically 
connected to the rest of the generator 
circuit by a conducting brush against 
which the ring slips as the loop (and 
ring) rotates.

As the current alternates, so does the magnetic field 
that surrounds the conductor. This makes possible 
the use of Faraday’s law of induction, which, among 
other things, means that we can step up (increase) 
or step down (decrease) the magnitude of an 
alternating potential difference at will, using a 
device called a transformer, as we shall discuss later. 
Moreover, alternating current is more readily 
adaptable to rotating machinery such as generators 
and motors than is (nonalternating) direct current.
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AC Power and rms Value

The instantaneous rate at which energy is dissipated in the resistor 
can be written as

Over one complete cycle, the average value of sinθ, where θ is any 
variable, is zero (Fig.a) but the average value of sin2θ is 1/2(Fig.b). 
Thus the power is,

The quantity I/ √2 is called the root-mean-square, or rms, value of 
the current i:

We can also define rms values of voltages and emfs for alternating-
current circuits:

(a) A plot of sinθ versus 
θ. The average value 
over one cycle is 
zero.

(b) A plot of sin2θ
versus θ . The 
average value over 
one cycle is 1/2.
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Transformer

A transformer (assumed to be ideal) is an iron core on 
which are wound a primary coil of Np turns and a 
secondary coil of Ns turns. If the primary coil is 
connected across an alternating-current generator, the 
primary and secondary voltages are related by

An ideal transformer (two coils 
wound on an iron core) in a 
basic trans- former circuit. An 
ac generator produces current 
in the coil at the left (the 
primary). The coil at the right 
(the secondary) is connected 
to the resistive load R when 
switch S is closed.

Energy Transfers. The rate at which the generator transfers 
energy to the primary is equal to IpVp. The rate at which 
the primary then transfers energy to the secondary (via the 
alternating magnetic field linking the two coils) is IsVs. 
Because we assume that no energy is lost along the way, 
conservation of energy requires that

The equivalent resistance of the secondary circuit, as 
seen by the generator, is
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Induced Magnetic Field (Maxwell’s Law)

A changing electric flux induces a magnetic field B. 
Maxwell’s Law,

relates the magnetic field induced along a closed loop 
to the changing electric flux ϕE through the loop.

Charging a Capacitor. As an example of this sort of 
induction, we consider the charging of a parallel-plate 
capacitor with circular plates. The charge on our 
capacitor is being increased at a steady rate by a 
constant current i in the connecting wires. Then the 
electric field magnitude between the plates must also 
be increasing at a steady rate. 

0 0
Ed

B ds
dt
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Induced Magnetic Field (Maxwell’s Law)

Charging a Capacitor (continued) Figure (b) is a view of 
the right-hand plate of Fig. (a) from between the 
plates. The electric field is directed into the page. Let 
us consider a circular loop through point 1 in Figs.(a) 
and (b), a loop that is concentric with the capacitor 
plates and has a radius smaller than that of the plates. 
Because the electric field through the loop is changing, 
the electric flux through the loop must also be 
changing. According to the above equation, this 
changing electric flux induces a magnetic field around 
the loop.

A changing electric flux induces a magnetic field B. 
Maxwell’s Law,

relates the magnetic field induced along a closed loop 
to the changing electric flux ϕE through the loop.

0 0
Ed

B ds
dt
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Ampere-Maxwell Law

Ampere’s law,

gives the magnetic field generated by a current ienc encircled by a closed loop. Thus, the 
two equations (the other being Maxwell’s Law) that specify the magnetic field B
produced by means other than a magnetic material (that is, by a current and by a 
changing electric field) give the field in exactly the same form. We can combine the two 
equations into the single equation:

When there is a current but no change in electric flux (such as with a wire carrying a 
constant current), the first term on the right side of Eq. is zero, and so the Eq. reduces to
Ampere’s law. When there is a change in electric flux but no current (such as inside or 
outside the gap of a charging capacitor), the second term on the right side of Eq. is zero, 
and so Eq. reduces to Maxwell’s law of induction.

0 0 0 enc
Ed

B ds i
dt

  


  

0 encB ds i 
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If you compare the two terms on the right side of Eq. (Ampere-Maxwell Law), you will see 
that the product ε0(dϕE/dt) must have the dimension of a current. In fact, that product has 
been treated as being a fictitious current called the displacement current id:

Ampere-Maxwell Law then becomes,

where id,enc is the displacement current encircled by the integration loop.

Displacement Current

Ampere-Maxwell law
0

E
d

d
i

dt





0 0 0 enc
Ed

B ds i
dt
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Displacement Current

(a) Before and (d) after the plates are charged, 
there is no magnetic field. (b) During the 
charging, magnetic field is created by both the 
real current and the (fictional) (c) 
displacement current. (c) The same right-hand 
rule works for both currents to give the 
direction of the magnetic field.

The direction of the magnetic field produced 
by a real current i can be found by using the 
right-hand rule. We can apply the same rule to 
find the direction of an induced magnetic field 
produced by a fictitious displacement current 
id, as is shown in the center of Fig. (c) for a 
capacitor.

Then, the magnitude of the magnetic field at a 
point inside the capacitor at radius r from the 
center is

the magnitude of the magnetic field at a point 
outside the capacitor at radius r is

0
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Maxwell’s Equations

The four fundamental equations of electromagnetism are called Maxwell’s equations.

These four equations explain a diverse range of phenomena, from why a compass 
needle points north to why a car starts when you turn the ignition key. They are the 
basis for the functioning of such electromagnetic devices as electric motors, television 
transmitters and receivers, telephones, scanners, radar, and microwave ovens.



61

Magnetism of Earth

Earth is a huge magnet; for points near Earth’s surface, its 
magnetic field can be approximated as the field of a huge 
bar magnet — a magnetic dipole — that straddles the 
center of the planet. Figure shown here is an idealized 
symmetric depiction of the dipole field, without the 
distortion caused by passing charged particles from the 
Sun.

The direction of the magnetic field at any location on 
Earth’s surface is commonly specified in terms of two 
angles. The field declination is the angle (left or right) 
between geographic north (which is toward 90°latitude) 
and the horizontal component of the field. The field 
inclination is the angle (up or down) between a 
horizontal plane and the field’s direction.

Earth’s magnetic field 
represented as a dipole field. 
The dipole axis MM makes 
an angle of 11.5°with Earth’s 
rotational axis RR. The south 
pole of the dipole is in 
Earth’s Northern 
Hemisphere.

0.25 – 0.65 G = 25 – 65 T
(strong refrigerator magnet : 100 G or 0.01 T)
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Similarly, where μB is the Bohr magneton:

Magnetism and Electron

Spin Magnetic Dipole Moment. An electron has an intrinsic angular momentum called 
its spin angular momentum (or just spin) S; associated with this spin is an intrinsic spin 
magnetic dipole moment μs. (By intrinsic, we mean that S and μs are basic characteristics 
of an electron, like its mass and electric charge.) Vectors S and μs are related by

in which e is the elementary charge (1.60 × 10-19 C) and m is the 
mass of an electron (9.11 × 10-31 kg). The minus sign means that
μs and S are oppositely directed.

For a measurement along a z axis, the component Sz can have 
only the values given by
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Magnetism and Electron

Energy. When an electron is placed in an external magnetic field 
Bext, an energy U can be associated with the orientation of the 
electron’s spin magnetic dipole moment μs just as an energy can 
be associated with the orientation of the magnetic dipole 
moment μof a current loop placed in B. The orientation energy 
for the electron is

where the z axis is taken to be in the direction of Bext.

ext , exts s zU B B     

Spin Magnetic Dipole Moment. An electron has an intrinsic angular momentum called 
its spin angular momentum (or just spin) S; associated with this spin is an intrinsic spin 
magnetic dipole moment μs. (By intrinsic, we mean that S and μs are basic characteristics 
of an electron, like its mass and electric charge.) Vectors S and μs are related by
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Magnetism and Electron

Orbital Magnetic Dipole Moment. When it is in an atom, an electron has an 
additional angular momentum called its orbital angular momentum Lorb. Associated 
with Lorb  is an orbital magnetic dipole moment μorb and they are related by

The minus sign means that μorb  and Lorb have opposite directions.
Orbital angular momentum is quantized and can have only 
measured values given by

The associated magnetic dipole moment is given by

The energy U associated with the orientation of the orbital 
magnetic dipole moment in an external magnetic field Bext is

An electron moving 
at constant speed v
in a circular path of 
radius r that 
encloses an area A.
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Diamagnetism

Levitating Frog: The frog in the figure is diamagnetic (as 
is any other animal). When the frog was placed in the 
diverging magnetic field near the top end of a vertical 
current-carrying solenoid, every atom in the frog was 
repelled upward, away from the region of stronger 
magnetic field at that end of the solenoid. The frog 
moved upward into weaker and weaker magnetic field 
until the upward magnetic force balanced the 
gravitational force on it, and there it hung in midair. The 
frog is not in discomfort because every atom is subject 
to the same forces and thus there is no force variation 
within the frog. 

A diamagnetic material placed in an external magnetic field develops a magnetic dipole 
moment directed opposite the external field. If the field is non-uniform, the diamagnetic 
material is repelled from a region of greater magnetic field toward a region of lesser field.

https://www.youtube.com/watch?v=A1vyB-O5i6E

https://www.youtube.com/watch?v=1gMMM62NC-4

https://www.youtube.com/watch?v=A1vyB-O5i6E
https://www.youtube.com/watch?v=1gMMM62NC-4
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Paramagnetism

Paramagnetic materials have atoms with a permanent magnetic dipole moment but the 
moments are randomly oriented, with no net moment, unless the material is in an 
external magnetic field Bext, where the dipoles tend to align with that field. The extent 
of alignment within a volume V is measured as the magnetization M,
given by

Complete alignment (saturation) of all N dipoles in 
the volume gives a maximum value Mmax = Nμ/V.

At low values of the ratio Bext /T,

where T is the temperature (in kelvins) and C is a material’s Curie constant.

measured magnetic moment
M

V


extB
M C

T


A paramagnetic material placed in an external magnetic field develops a magnetic dipole 
moment in the direction of the external field. If the field is non-uniform, the 
paramagnetic material is attracted toward a region of greater magnetic field from a 
region of lesser field .



67

Ferromagnetism

A Rowland ring. A primary coil 
P has a core made of the 
ferromagnetic material to be 
studied (here iron). The core is 
magnetized by a current iP
sent through coil P. (The turns 
of the coil are represented by 
dots.) The extent to which the 
core is magnetized determines 
the total magnetic field B
within coil P. Field B can be 
measured by means of a 
secondary coil S.

A ferromagnetic material placed in an external magnetic field 
develops a strong magnetic dipole moment in the direction 
of the external field. If the field is non-uniform, the 
ferromagnetic material is attracted toward a region of 
greater magnetic field from a region of lesser field .

The magnetic dipole moments in a ferromagnetic material 
can be aligned by an external magnetic field and then, after 
the external field is removed, remain partially aligned in 
regions know as magnetic domains.

A photograph of domain patterns within a single 
crystal of nickel; white lines reveal the 
boundaries of the domains. The white arrows 
superimposed on the photograph show the 
orientations of the magnetic dipoles within the 
domains and thus the orientations of the net 
magnetic dipoles of the domains. The crystal as a 
whole is unmagnetized if the net magnetic field 
(the vector sum over all the domains) is zero.
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Ferromagnetism

The lack of retraceability shown in the Figure is called 
hysteresis, and the curve bcdeb is called a hysteresis loop. 
Note that at points c and e the iron core is magnetized, 
even though there is no current in the toroid windings; 
this is the familiar phenomenon of permanent 
magnetism. 

Hysteresis can be understood through the concept of magnetic domains. Evidently the 
motions of the domain boundaries and the reorientations of the domain directions 
are not totally reversible. When the applied magnetic field B0 is increased and then 
decreased back to its initial value, the domains do not return completely to their 
original configuration but retain some “memory” of their alignment after the initial 
increase. This memory of magnetic materials is essential for the magnetic storage of 
information.
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Online Lectures by Walter Lewin at MIT

• Walter Lewin

• YouTube

• Videolectures.net

• Last lecture

• MIT News about removal of his online lectures

https://www.youtube.com/channel/UCiEHVhv0SBMpP75JbzJShqw

http://videolectures.net/walter_h_g_lewin/

https://www.youtube.com/watch?v=4a0FbQdH3dY

http://news.mit.edu/2014/lewin-courses-removed-1208

https://en.wikipedia.org/wiki/Walter_Lewin

http://web.archive.org/web/20140701083832/http://web.mit.edu/physics/people/
faculty/lewin_walter.html

https://www.youtube.com/channel/UCiEHVhv0SBMpP75JbzJShqw
http://videolectures.net/walter_h_g_lewin/
https://www.youtube.com/watch?v=4a0FbQdH3dY
http://news.mit.edu/2014/lewin-courses-removed-1208
https://en.wikipedia.org/wiki/Walter_Lewin
http://web.archive.org/web/20140701083832/http:/web.mit.edu/physics/people/faculty/lewin_walter.html
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