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Reconstruction of Conductivity and Current Density
Images Using Only One Component of Magnetic Field
Measurements
Jin Keun Seo, Jeong-Rock Yoon, Eung Je Woo*, and Ohin Kwon

Abstract—Magnetic resonance current density imaging (MRCDI) is to
provide current density images of a subject using a magnetic resonance
imaging (MRI) scanner with a current injection apparatus. The injection
current generates a magnetic field that we can measure from MR phase images. We obtain internal current density images from the measured magnetic flux densities via Ampere’s law. However, we must rotate the subject to acquire all of the three components of the induced magnetic flux
density. This subject rotation is impractical in clinical MRI scanners when
the subject is a human body. In this paper, we propose a way to eliminate
the requirement of subject rotation by careful mathematical analysis of the
MRCDI problem. In our new MRCDI technique, we need to measure only
one component of the induced magnetic flux density and reconstruct both
cross-sectional conductivity and current density images without any subject rotation.
Index Terms—Conductivity, current density, magnetic flux density,
magnetic resonance current density imaging, magnetic resonance electrical
impedance tomography.

I. INTRODUCTION
Magnetic resonance current density imaging (MRCDI) has been developed to quantitatively visualize internal current density distributions
of a subject due to an injection current through surface electrodes. The
injection current generates a magnetic field and we measure the induced magnetic flux density within the subject using an magnetic resonance imaging (MRI) scanner. Then, we can obtain internal current
density images from the measured magnetic flux densities via Ampere’s law. This MRCDI technique has received considerable attention in medical imaging area last ten years following the pioneering
works of Toronto group [1]–[5]. However, there still exist technical difficulties in its clinical applications due to two major limitations. One
is the requirement of subject rotations within the MRI scanner. The
other is the low signal-to-noise ratio (SNR) in magnetic flux density
measurements. Lately, combining MRCDI and electrical impedance tomography (EIT) technique, magnetic resonance electrical impedance
tomography (MREIT) has been suggested to provide cross-sectional
conductivity or resistivity images of a subject [6]–[11]. In MREIT, we
face the same limitations since it requires internal current density distributions obtained by the MRCDI technique. The purpose of this paper
is to eliminate the problem related with subject rotations. If we do not
have to rotate the subject, both current density and conductivity images
in MRCDI and MREIT will find numerous clinical applications.
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II. MATHEMATICAL ANALYSIS: Bz -BASED MRCDI METHOD
We place a subject inside an MRI scanner and inject a current I
between two electrodes attached on its boundary. The injection current
pulse is synchronized with a standard spin-echo pulse sequence as is
usually done in the MRCDI technique [1]–[5]. The applied current I
produces a current density = (Jx ; Jy ; Jz ) inside the subject. The
presence of the internal current density and the current I in lead wires
= (Bx ; By ; Bz ). This induced
generate a magnetic flux density
magnetic flux density results in an incremental change in MR phase
images that is proportional to Bz when z is the direction of the main
magnetic field of the MRI scanner. We now assume that only Bz due
to an injection current I is available without rotating the subject.
Since 0 r 2 = r 2 r 2 = 0r2 + r(r 1 ) = 0r2 ,
we have

J

J

B

J

B

0 @J@x + @J@y
J1n =g

B

= 1

B

r2 Bz

B

(1)

where 0 is the magnetic permeability of the free space and biological
tissues, the outward unit normal vector, and g the normal component
of current density on the boundary. Under an electrode E , we have
E gds = 6I where the sign depends on the direction of current and g
is zero on the regions of boundary not contacting with a current injection electrode. It is impossible to uniquely solve (1) since it has three
unknowns = (Jx ; Jy ; Jz ).
We now set up two injection currents I a and I b so that the resulting
current densities a = (Jxa ; Jya ; Jza ) and b = (Jxb ; Jyb ; Jzb ) satisfy
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This implies that two current densities are not collinear inside the subject. Kim et al. rigorously proved that the condition in (2) can be satisfied for appropriately chosen I a and I b if the conductivity distribution
 satisfies a certain condition including 0 <  < 1 (neither perfectly
insulating nor perfectly conducting) [12].
We assume that  is isotropic with 0 <  < 1. Let ua and ub be
the voltages due to injection currents I a and I b , respectively. Since 
is approximately independent of injection currents, each uj (j = a and
b) is a solution of the following classical boundary value problem:

r 1 (ruj ) = 0
ruj 1 n = 0gj :

(3)

The boundary value problem in (3) has a unique solution when we
choose a ground or reference position with zero voltage. Hence, if 
and g j are given, we can solve (3) using numerical methods such as the
finite element method (FEM). Then, we can compute the corresponding
current density as j = 0 ruj .
In their early paper on MRCDI [1], Scott et al. already noted that
r2 = 00 ru 2 r. This enables us to rewrite (1) as
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Due to the choice of I a and I b with the condition in (2), we get
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(a)
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(c)

(a) True conductivity distribution and simulated measured data for (b) B and (c) B .

Fig. 1.

Since we assume that  is isotropic, we can express it in terms of uj as

(x; y; z ) = (x0 ; y0 ; z ) + F ua ; ub (x; y; z )

(6)

where

f(x; y; s)j 0 1 < x; y < 1g with a fixed value s in (01,1) and discretize Ds into 128 2 128 pixels. In this section, we assume only for

the simplicity of computations that  does not change along z direction. Fig. 1(a) shows the true conductivity distribution used in numerical simulations. Let g a and g b be applied current densities given by
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(x0 ; y0 ; z ) + F ua ; ub ruj = 0
(x0 ; y0 ; z ) + F ua ; ub ruj 1 n = 0gj :

(7)

Hence, the reconstruction of conductivity and current density is reduced to solve (7) using the iterative algorithm described in Section III.
III. RECONSTRUCTION ALGORITHM: r2 Bz -ALGORITHM
We apply two currents I a and I b through electrodes placed on the
boundary of a subject and measure z components of the induced magnetic flux densities, Bza and Bzb . Then, our new algorithm is as follows.
Step 1) Assume an initial conductivity distribution 0 . Compute
u0j (j = a and b) by solving the boundary value problem in
(3) with  replaced by 0 .
Step 2) For m = 0; 1; 2; 1 1 1, solve the following two Neumann
boundary value problems for j = a and b:
a
b
(x0 ; y0 ; z ) + F um
; um
rumj +1 = 0
j
a
b
(x0 ; y0 ; z ) + F um ; um rum+1 1 n = 0gj :

Step 3)
Step 4)

(8)

b
 = limm!1 m = limm!1 ((x0 ; y0 ; z ) + F [uam ; um
]).
Ja
0rua and Jb 0rub where uj is the solution

of the boundary value problem in (3).

IV. NUMERICAL EXPERIMENTS
A. Preparation of Simulated Experimental Data

All numerical experiments are performed for the cubic subject D =
2 (01; 1) 2 (01; 1). We define an imaging slice of Ds =

0
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= f(61; y; z ) : jy j  0:05; jz j  1g and
E6 = f(x; 61; z ) : jxj  0:05; jz j  1g. Given  , ga , and
gb , simulated data for voltage and current density distributions are

where

Here, we assume that  (x0 ; y0 ; z ) is known a priori. We will discuss
how to handle this assumption later in this paper. It follows from (3) and
(6) that ua and ub are solutions of the following system of nonlinear
partial differential equations with j = a and b:

r1

a

E6a

numerically computed using FEM [13]. Next, we calculate magnetic
flux densities Bza and Bzb on three consecutive imaging slices of D0 ,
D0b , and D using the Biot-Savart law. Fig. 1(b) and (c) shows Bza and
Bz in D0 , respectively.
Since we do not know the explicit geometry of lead wires, the magnetic flux densities in Fig. 1(b) and (c) could be different from the actual
measured magnetic flux densities. However, any difference between
measured and computed magnetic flux densities due to unknown lead
wire geometry becomes irrelevant in our reconstruction algorithm by
taking the Laplacian of them.
B. Image Reconstruction
With the homogeneous initial guess (0 = 1), the gradient of m in
the m-th iteration is calculated using (5) and the conductivity is updated
with the relation in (6). Fig. 2(a) shows the reconstructed conductivity
image in D0 after 10 iterations without added noise. Next, we added a
random noise in Bzj . The amount was 1% of the average value of jBzj j.
Then, we applied the total variation based denoising technique [14] as
was done in experimental study by Khang et al. [11]. Fig. 2(b) shows
the reconstructed conductivity image in the same imaging slice after
ten iterations.
Assuming that we inject a current of 10 mA into a subject with
3
j
200 2 200 2 200 mm , we computed the average value of jBz j as
12.4 nT using the three-dimensional forward solver [13]. Based on
the sensitivity analysis of MRCDI technique by Scott et al. [2], the
noise standard deviation in the measured magnetic flux density could
be about 0.75 nT which is 6% of the average value. Here, we assume
that the SNR of MR magnitude image is 50 and the duration of current
injection is 50 ms. Fig. 2(c) shows the reconstructed conductivity image
with 6% added random noise after using the same denoising technique.
From the reconstructed conductivity image, we can obtain current
density images from Jj = 0 ruj . Fig. 3(a) shows the true current
density image of jJb j. Fig. 3(b) shows the corresponding reconstructed
current density image with its vector plot in Fig. 3(c) using the reconstructed conductivity in Fig. 2(a).
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Fig. 2. Reconstructed conductivity images after ten iterations: (a) without added noise, (b) with 1% added noise, and (c) with 6% added noise.

(a)

(b)

(c)

Fig. 3. (a) True current density image of jJ j. (b) Corresponding reconstructed current density image and (c) its vector plot.

V. DISCUSSION

r

2

Our Bz -based MRCDI algorithm, which we call
Bz -algorithm,
theoretically solves the subject rotation problem in conventional
MRCDI techniques. The mathematical analysis and numerical simulation described in the previous sections show that the new method can
provide both conductivity and current density images without subject
rotation. However, there still are several things we must consider
before we apply it to actual measured Bz data.
In our reconstruction algorithm, we must compute 2 Bz . These numerical differentiations are vulnerable to measurement noise. Practically, this is a very important problem since the SNR in magnetic flux
density measurements is relatively low as shown in [2]. In addition to
the considerations described by Scott et al. [2] including the voxel size
and others, this requires us to use a very effective denoising technique.
Using the total variation based denosing technique [14], we could reconstruct the conductivity image shown in Fig. 2(b) for the case of 1%
added noise. This was possible since the true conductivity distribution
was smooth so that Bz was also smooth being not affected much by
the denoising procedure. However, as shown in Fig. 2(c), the reconstructed conductivity image is deteriorated when we add 6% random
noise. Considering the more realistic situations where the amount of
noise is larger than 6%, we must carefully study noise characteristics
in measured Bz data and develop more effective denoising techniques
based on underling physical principles. This will be one of our future
research goals.
In numerical simulations, we assumed that the true conductivity distribution does not change along z direction for the simplicity of numerical computations. For a subject with an arbitrary  , we may define a
region of interest (ROI) that consists of several slices including electrodes. The length of the ROI is large enough so that the z components
of current density at the top and bottom slice are negligibly small. This
enables us to solve (8) in the ROI with g = Jz = 0 on the top and

r

bottom slice. Then, our reconstruction procedure will require measured
Bz data from multiple slices within the ROI. We need to further investigate the appropriate length of the ROI to compromise the quality of
reconstructed image at the central slice with the required computation
time.
As described earlier, it is necessary to know the conductivity value
at one point on each imaging slice to obtain absolute values of conductivity distributions. This can be done by attaching a bar with a known
conductivity value on the surface of the subject. Or, we presumably
set the conductivity value on a fixed point to be one. We reconstruct
the conductivity distribution following the procedure described in the
previous section and obtain current density distributions. Then, we use
the J -substitution algorithm in [10] with at least one boundary voltage
measurement to reconstruct absolute values of the conductivity distribution.
The iterative algorithm described in this paper showed good convergence characteristics from simulations with a smooth conductivity
distribution and a small amount of noise. However, we must work on
a more rigorous mathematical proof on the convergence of the proposed algorithm. We do not assert that the algorithm described in this
paper is optimal in reconstructing conductivity and current density images using Bz data with measurement noise. Rather, we would like
to emphasize that the mathematical analysis on the new MRCDI technique proves the possibility of reconstructing conductivity and current
density images without subject rotation. Our future study will include
different reconstruction algorithms possessing robustness against measurement noise.

VI. CONCLUSION
MRCDI will be a valuable tool in many biomedical applications especially where we use electrical stimulation techniques. MREIT based
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on MRCDI is also very promising to reconstruct cross-sectional conductivity images of a subject with improved spatial resolution and accuracy. However, both of them suffer from the requirement of subject
rotations within an MRI scanner. In this paper, we described the mathematical analysis of a new MRCDI and MREIT technique without subject rotation. The new technique is based on measurements of only one
component of the induced magnetic flux density. We also developed
the image reconstruction algorithm for both conductivity and current
density images.
Even though the mathematical analysis is complete and the reconstruction algorithms performs quite well for simulated Bz data with
a smooth conductivity distribution and a small amount of noise, the
performance of the algorithm could be significantly deteriorated when
the SNR in Bz data is low. We are working on more effective denoising techniques and also different reconstruction algorithms with
robustness against measurement noise. We also plan to do experimental
works aiming to reconstruct 64 2 64 images with voxels of about
3 2 3 2 3 mm3 .
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In Vivo Measurement of the Brain and Skull Resistivities
Using an EIT-Based Method and the Combined Analysis
of SEF/SEP Data
S. Gonçalves*, J. C. de Munck, J. P. A. Verbunt, R. M. Heethaar,
and F. H. Lopes da Silva

Abstract—Results of “in vivo” measurements of the skull and brain
resistivities are presented for six subjects. Results are obtained using two
different methods, based on spherical head models. The first method uses
the principles of electrical impedance tomography (EIT) to estimate the
, skull
and skin
equivalent electrical resistivities of brain
according to [1]. The second one estimates the same parameters
through a combined analysis of the evoked somatosensory cortical response, recorded simultaneously using magnetoencephalography (MEG)
and electroencephalography (EEG).
The EIT results, obtained with the same relative skull thickness (0.05)
among
for all subjects, show a wide variation of the ratio
subjects (average
,
). However, the
ratios of the individual subjects are well reproduced by combined analysis
of somatosensory evoked fields (SEF) and somatosensory evoked potentials
variations
(SEP). These preliminary results suggest that the
over subjects cannot be disregarded in the EEG inverse problem (IP) when
a spherical model is used. The agreement between EIT and SEF/SEP points
to the fact that whatever the source of variability, the proposed EIT-based
method <Au: Addition of “method” O.K? appears to have the potential to reduce systematic errors in EEG IP associated to the misspecifi,
,
and
.
cation of

(

(

)

)

(

)

= 72 SD = 48%

Index Terms—EEG inverse problem, electric impedance tomography,
electrical resistivities, somatosensory evoked responses, three-layer sphere
head model.

I. INTRODUCTION
The importance of the “in vivo” measurement of the equivalent electric resistivities of brain, skull and scalp and their effect in improving
the solution of the electroencephalography (EEG) inverse problem (IP)
[2] has already been reported on a previous publication [1].
In principle, one could derive information about the individual’s
electrical resistivities by injecting currents and measuring the resulting
potential distribution, i.e., using electrical impedance tomography [3]
(EIT). In [4], this idea has been applied in practice on the real data of
two subjects. Because of the isolating effect of the skull, a large part
of the current will flow through the skin, and the amount of information that can be extracted from the potential measurements is limited.
For that reason, it has to be assumed that the brain consists of compartments with known geometry and unknown resistivity. In [4], it was
furthermore assumed that the resistivity of the skin and the brain are
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