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Abstract
In magnetic resonance electrical impedance tomography (MREIT), we measure
the induced magnetic flux density inside an object subject to an externally
injected current. This magnetic flux density is contaminated with noise, which
ultimately limits the quality of reconstructed conductivity and current density
images. By analysing and experimentally verifying the amount of noise in
images gathered from two MREIT systems, we found that a carefully designed
MREIT study will be able to reduce noise levels below 0.25 and 0.05 nT at
main magnetic field strengths of 3 and 11 T, respectively, at a voxel size of
3 × 3 × 3 mm3 . Further noise level reductions can be achieved by optimizing
MREIT pulse sequences and using signal averaging. We suggest two different
methods to estimate magnetic flux noise levels, and the results are compared
to validate the experimental setup of an MREIT system.
Keywords: electrical impedance tomography, magnetic flux density, MRI,
MREIT, noise analysis

1. Introduction
When current is injected into an electrically conducting object, it generates voltage, current
density and magnetic flux density distributions. These distributions are determined by the
geometry, electrode configuration and conductivity distribution of the object. Based on these
fundamental electromagnetic principles, magnetic resonance electrical impedance tomography
(MREIT) is being developed as a method of generating cross-sectional images of conductivity
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Figure 1. Spin echo pulse sequence for MREIT.

and current density distributions (Zhang 1992, Woo et al 1994, Ider and Birgul 1998, Ider
et al 2003, Kwon et al 2002, Khang et al 2002, Lee et al 2003a). The basic data is the internal
magnetic flux density data measured by an MRI scanner. Several MREIT image reconstruction
algorithms have been developed based on measurements of only one component of the induced
internal magnetic flux density B = (Bx , By , Bz ) subject to multiple injection currents (Seo
et al 2003, Ider and Onart 2004, Oh et al 2003, Park et al 2004a, 2004b, Kwon et al 2005).
Recent experimental studies in MREIT have demonstrated that conductivity and current
density imaging with a spatial resolution comparable to that of MR images is possible as long
as we inject enough current into the imaging object in order to induce Bz signals with enough
signal-to-noise ratio (SNR) (Oh et al 2003, 2004, 2005). Safety requirements (Reilly 1998)
suggest that we need to reduce injection current magnitude to make the technique clinically
applicable. This implies that we must develop experimental and data processing techniques
to minimize noise in Bz data.
With the goal of minimizing the noise level, and thereby the amount of injection current,
this paper presents a new noise analysis for MREIT. Both theoretical and experimental methods
of estimating the noise level in measured Bz data are derived and MREIT experiments were
performed at both 3 and 11 T field strengths to verify these derivations. Based on the results,
we discuss different ways to reduce noise levels in MREIT.
The noise analysis described in this paper will be followed with an investigation of
the effects of noise on image quality. Some form of sensitivity analysis must be derived
to determine the smallest local change in conductivity that can be accurately imaged. These
analyses must take into consideration relationships between the induced magnetic flux density,
size and shape of the imaging object, amount of injected current, electrode configuration, image
reconstruction algorithm, amongst other factors.
2. Methods
2.1. Noise estimation method 1
The spin echo pulse sequence shown in figure 1 is commonly used in MREIT experiments.
We assume that the main magnetic field is parallel to the z-direction. A current injected into
the imaged object produces a magnetic flux density B of which only the z-component Bz is
measured. We obtain the following complex k-space data S ± after injection of positive and
negative currents, I + and I − , respectively, as shown in figure 1:
 ∞
±
S (m, n) =
M(x, y) ejδ(x,y) e±jγ Bz (x,y)Tc ej(xmkx +ynky ) dx dy,
(1)
−∞
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Figure 2. An example of M− and Z − . Note the definition of the local axis for Z − .

where δ is any systematic phase artefact, γ = 26.75 × 107 rad T−1 s−1 is the gyromagnetic
ratio of hydrogen and Tc is the current pulse width in seconds. Taking two-dimensional
discrete Fourier transformations, we obtain the following complex signals:
M± (x, y) = M(x, y) ejδ(x,y) e±jγ Bz (x,y)Tc ,

(2)

where ±Bz are the induced magnetic flux densities obtained with injection currents of I + or
I − , respectively. Note that |M+ | = |M− | = M is proportional to the size (volume) of voxels.
In this paper, we do not consider other MR imaging parameters affecting M and δ (Haacke
et al 1999, Bernstein et al 2004). The induced magnetic flux density Bz is embedded in the
following incremental phase change in MR data:

 +
M (x, y)
= 2γ Bz (x, y)Tc ,
(x, y) = arg
(3)
M− (x, y)
where we assume that the operator arg(·) includes any necessary phase unwrapping (Ghiglia
and Pritt 1998). In MREIT, it is essential to maximize this phase change to obtain larger Bz
signals. Note that by using two current injections I + and I − , we therefore reject any systematic
phase artefact δ and double the phase change expressed in (3).
Once we obtain , we compute Bz as

 +
M (x, y)
(x, y)
1
.
(4)
Bz (x, y) =
=
arg
2γ Tc
2γ Tc
M− (x, y)
The measured M± contain independent and identically distributed complex Gaussian random
noise Z ± , respectively. That is, measured signals may be described by
M± + Z ± ,

where

Z ± = r ± + ji ±

and r + , r − , i + and i − are identically distributed Gaussian random variables with zero mean
and a variance of s 2 . Figure 2 shows an example of M− and Z − . Without loss of generality,
we may set the local coordinate of Z − with its real axis parallel to the direction of M− . Then,
the noise Z − can be understood as a vector located at the local origin O, having a random
magnitude and direction.
Scott et al (1992) defined the SNR, ϒ, in a noisy magnitude image |M− + Z − | as
ϒ=

|M− |
M
mean(|M− + Z − |)
=
=√ ,
−
−
−
sd(M + Z )
sd(Z )
2s

(5)
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where mean(·) and sd(·) denote the mean and standard deviation, respectively. They derived
an expression for the standard deviation in measured Bz data as
sd(Bz ) =

1
.
2γ Tc ϒ

(6)

However, as shown below, we found that it is more convenient to define the SNR, ϒM , of the
magnitude image as
ϒM =

M
M
mean(|M− + Z − |)
=
=
.
−
−
−
−
sd(|M + Z |)
sd(|M + Z |)
s

(7)

The origin of the final equality in (7) will be clear after working through the expression
in (10).
In the following section, we derive an expression for the noise standard deviation in
measured Bz using the magnitude image SNR definition in (7). Including noise in (4), we now
have Bz signals proportional to



 +

Z+
M+ 1 + M
M + Z+
+
arg
= arg


Z−
M− + Z −
M− 1 + M
−
 +




M
Z+
Z−
= arg
+ arg 1 + + − arg 1 + − .
(8)
M−
M
M

 Z± 

Z±
Assuming that |M± |  |Z ± |, we have arg 1 + M
≈ Im M
±
± . This can also be understood
from figure 2, since the imaginary part of Z − perturbs the argument of M− . Now, the standard
deviation of the argument in (8) is

  +
 −
  +
M + Z+
Z
Z
≈ sd Im
− Im
sd arg
M− + Z −
M+
M−
√
  −
√
Z
2
=
= 2 sd Im
sd[Im(Z − )]
−
|M− |
M
√
2
1
sd(Z − ).
(9)
=
√ sd(Z − ) =
−
M
|M | 2
We now estimate the standard deviation of the magnitude image, |M− + Z − |. As shown in
figure 2, the real part of the complex Gaussian random noise Z − mainly perturbs the magnitude
of M− . This can be seen by setting, without loss of generality, M− = 1 and Z − = a + jb
with a, b  1. Then,
√
a 2 + b2
+ · · · ≈ 1 + a.
|M− + Z − | = (1 + a)2 + b2 = 1 + 2a + a 2 + b2 = 1 + a +
2
Therefore, we have
sd(|M− + Z − |) ≈ sd(Re[Z − ]) =

√1
2

sd(Z − ).

(10)

Finally, we obtain an expression for the standard deviation in measured magnetic flux
density Bz as
√
2
1
−
sd(Z ) =
sd(|M− + Z − |).
sd(Bz ) =
(11)
2γ Tc |M− |
2γ Tc M
With the definition of SNR, ϒM , from (7), we conclude that
1
.
sd(Bz ) = √
2γ Tc ϒM

(12)
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Note that the expression in (12) is different from Scott et al’s (1992) result by a factor of 2
because of the different definitions of SNR in magnitude images.
We now describe how to estimate the magnitude image SNR, ϒM , in (7) from the
magnitude image of |M− + Z − |. Ideally, in a noise-free magnitude image |M− | of a
homogeneous object, we should obtain one value everywhere inside the object and zero outside.
However, due to factors such as main magnetic field inhomogeneity, gradient nonlinearity and
non-uniform RF coil sensitivity, we observe a non-uniform intensity profile inside the object.
Outside the object, we have Rayleigh distributed noise |Z − | = r − 2 + i − 2 with a standard
deviation of about 0.655s, where s is the standard deviation of identically distributed zero-mean
Gaussian random variables r − and i − (Haacke et al 1999).
To evaluate ϒM , we select a region inside the object that appears the most uniform and
compute the average value of all pixels within it. We select a region outside the object and
compute the standard deviation of all pixels there. Then, ϒM is evaluated as the average
value times 0.655 divided by the standard deviation. Alternatively, we may compute both
the average value and standard deviation in the region chosen inside the object. Then, ϒM is
simply the ratio of the average value over the standard deviation.
2.2. Noise estimation method 2
In this section, we proceed from the measured magnetic flux density Bz in (4). We express
the noise-contaminated measured magnetic flux density B̃ z as
B̃ z = Bz + η,

(13)
sB2 z .

where η is a Gaussian random variable with zero mean and variance of
Although the
noise distribution in phase data is not in general Gaussian, particularly at low signal-to-noise
ratios (Gudbjartsson and Patz 1999), we assume that the system SNR is sufficiently high to
allow this approximation. Note that the standard deviation sBz must be equal to sd(Bz ) in
(12). Here, values of even noise-free Bz data are not uniform and depend on the geometry and
conductivity of the imaging object as well as the electrode configuration and injection current
magnitude (Lee et al 2003b). Therefore, we seek a way to eliminate Bz from B̃ z so as to
extract only the noise η in order to evaluate its standard deviation alone.
As shown by Seo et al (2003) and Oh et al (2003), when the conductivity distribution σ
of the imaging object is homogeneous, for example, σ = 1, we have
∇ 2 Bz = 0.

(14)

Applying this to (13), we obtain
∇ 2 B̃ z = ∇ 2 η.

(15)

We assume that the image of B̃ z is obtained as a three-dimensional matrix B̃ z (l, m, n)
with l, m, n = 1, . . . , N . Therefore, the second-order differentiation in (15) may be expressed
as
1
∇ 2 B̃ z (l, m, n) = 2 [η(l + 1, m, n) + η(l − 1, m, n) + η(l, m + 1, n) + η(l, m − 1, n)]

1
2
4
− 2 η(l, m, n) + 2 [η(l, m, n + 1) + η(l, m, n − 1)] − 2 η(l, m, n),

z
z
(16)
where  = x = y is the distance between consecutive pixels along the x- and y-directions,
and z is the slice thickness. Since all η are identically distributed Gaussian random variables
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Table 1. Noise parameters measured in 3 and 11 T MREIT experiments. NEX is the number of
excitations or averages. The voxel size is 1 × 1 × 1 mm3 .
Field strength in T

3

NEX
ϒM in (7)
sd(Bz ) of (12) in nT
sBz of (18) in nT

1
11.8
13.9
15.0

11
4
22.2
7.54
6.72

1
59.6
2.73
2.91

4
123
1.32
1.35

with zero mean and variance of sB2 z , the variance of ∇ 2 B̃ z (l, m, n) can be expressed as
2
2 
2
2



1
4
1
2
s
×
4
+
s
+
s
×
2
+
s
s∇2 2 B̃ z =
B
B
B
B
2 z
2 z
2z z
2z z


20
6
=
+ 4 sB2 z ,
4

z

(17)

where s∇ 2 B̃ z is the standard deviation of the Gaussian random noise in ∇ 2 B̃ z .
This means that the second-order differentiation of ∇ 2 B̃ z increases the noise power by a
ratio of 264 if z = . Since we can directly estimate s∇2 2 B̃ from calculated ∇ 2 B̃ z values, the
z
relation of (17) provides a way to experimentally estimate standard deviation sBz in measured
B̃ z data by
1
s∇ 2 B̃ z .
(18)
s Bz =
20
6
+
4
4


z

Gathering B̃ z data using a homogeneous conductivity phantom, we may also evaluate the
relation in (18). If sBz in (18) and sd(Bz ) in (12) are approximately equal to each other, we can
confirm that the MREIT experiment is consistent. Otherwise, we conclude that the experiment
contained systematic artefacts in measured B̃ z data in addition to Gaussian random noise.
2.3. MREIT experiments
We constructed an acrylic phantom filled with a solution (1 g l−1 CuSO4 and 3.125 g l−1
NaCl) whose conductivity was 0.625 S m−1 . On the middle of each side, a recessed electrode
assembly was attached to inject currents into the phantom.
To measure the corresponding internal magnetic flux density Bz , we used the pulse
sequence shown in figure 1. The injection current magnitude was I = 10 mA and the total
current pulse width was Tc = 16 ms. We performed the experiment using both the 3 T MRI
scanner (Medinus, Korea) at the Impedance Imaging Research Center (IIRC), Kyung Hee
University, Korea and the 11 T MRI scanner (Bruker Biospin, Germany) at the McKnight
Brain Institute, University of Florida, USA. In order to make the noise levels comparable, we
used the same voxel size of 1 × 1 × 1 mm3 and similar MR imaging parameters.
3. Results
Noise statistic estimations are summarized in table 1. As expected, when the number of
averages (NEX) was 4, the magnitude image SNR, ϒM , was increased by a factor of about 2
and the noise level in Bz was reduced by the same factor. On increasing the main magnetic
field strength from 3 to 11 T, we found a reduction in the noise level by a factor of about 5.
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Figure 3. Histograms of ∇ 2 B̃ z at (a) 3 T and (b) 11 T.

Figures 3(a) and (b) show histograms of ∇ 2 B̃ z for 3 and 11 T data, respectively. The much
narrower histogram in (b) demonstrates the smaller noise standard deviation in measured Bz
data from the 11 T experiment.
The noise estimates found independently using (12) and (18) were in a good agreement,
suggesting that there were few systematic artefacts in the experiments. We propose that these
two methods of estimating the noise level in measured Bz data can be used to validate and
verify an MREIT experimental setup.
4. Discussion
In MREIT, the raw data measured is the incremental phase change, as shown in (3). This
phase change is proportional to the product of Bz and Tc . Therefore, we must optimize the
MREIT pulse sequence to maximize the product of I and Tc in figure 1, since Bz is directly
proportional to I. When imaging in vivo, maximizing I ·Tc must naturally be performed subject
to electrical safety requirements (Reilly 1998).
Noise levels in 11 T data were found in this investigation to be five times smaller than
those found in 3 T data. However, since the MR imaging parameters were not exactly identical
in the 3 and 11 T data used in this paper, we do not argue that the ratio holds between any
3 and 11 T MREIT experiments. This ratio should be understood as a rough estimate of the
advantage gained by using 11 T instead of 3 T. We plan to perform further experiments to
make a better estimate of this factor. In particular, we will carefully consider the impact of
factors such as TR/TE, slice profile and the RF coil fill factor on noise, since all of these also
affect SNR.
The two methods of estimating the noise level in measured B̃ z data provide a way to
validate settings in an MREIT experiment. When the noise level computed by (18) is greater
than the value by (12), we can suppose that the experimental settings produced a significant
amount of systematic phase artefact. In this case, we may estimate the amount of artefact by
setting
B̃ z = Bz + η + ξ,
where ξ is the artefact. Mathematically, we have

1
Bz (r) + η(r) + ξ(r) =
∇ 2 B̃ z (r ) dr + h(r),
4π |r − r |

882

R Sadleir et al

where r, r are position vectors and h is a harmonic function inside the object of interest
, which depends on the Dirichlet and Neumann boundary conditions applied to B̃ z on the
object boundary ∂ . Since η and ξ are usually independent of these boundary conditions, we
propose the following approximation:

1
∇ 2 B̃ z (r ) dr ,
η(r) + ξ(r) ≈
4π |r − r |
for r inside . Using Gaussian blurring to eliminate the noise η, we can compute the artefact
roughly as

1
ξ(r) ≈
∇ 2 G(B̃ z ) dr ,
4π |r − r |
where G is a Gaussian blurring operation.
The most basic factor determining the quality of reconstructed conductivity and current
density images in MREIT is the SNR in measured Bz data. However, in this paper, we have
not analysed Bz data directly. As described in Lee et al (2003b), the distribution of Bz is
not spatially uniform, making it difficult to define signal strength and therefore immediately
estimate the SNR in Bz (although analysis of Bz noise in images gathered without current
injection will serve to provide a lower bound for the noise level). Therefore, we must choose
a signal parameter with a direct relation to conductivity and compare it to the amount of the
noise in measured Bz data. Since J = ∇ × B/µ0 = −σ ∇u, where J is the current density, B
is magnetic flux density and u is the voltage, the quantity |∇Bz |/|∇u| is closely related to the
conductivity σ . This suggests that a comparison between |∇Bz | and the noise gradient sd(|∇η|)
(as in (13)) might be made. However, the way we process the measured three-dimensional
Bz maps during conductivity image reconstructions also significantly affects image quality.
Therefore, we are currently trying to determine the relationships between MR parameters,
noise values and electrode configurations in order to establish their effect on image quality. In
addition, we are investigating the sensitivity of Bz or any chosen signal parameter to a local
change of the conductivity.
From the results in table 1, it appears possible to obtain Bz data with standard deviations
of less than 0.25 or 0.05 nT from 3 or 11 T MREIT systems, respectively, by increasing the
voxel size to 3 × 3 × 3 mm3 . Increasing the number of averages and/or Tc could be tried
to further reduce noise levels. At a field strength of 3 T, we speculate that a noise level
below 0.1 nT could readily be achieved. With this intrinsic level of noise, MREIT imaging
using injection currents less than 5 mA may be possible. A more thorough study of image
quality and sensitivity in MREIT will be a part of our future studies to provide much concrete
experimental design criteria.
5. Conclusion
We rigorously derived an expression for the standard deviation of measured magnetic flux
density data in MREIT. We also suggested an alternative method to estimate noise levels
when using an imaging object with a homogeneous conductivity distribution. Using MREIT
systems at 3 and 11 T main magnetic field strengths, we found that the noise level in measured
magnetic flux density is reduced as field strength is increased, and that the reduction factor
seems to be approximately proportional to the increase in the field strength. The two methods
of analysing noise levels are useful to validate an MREIT experimental setup.
Using a voxel size of 3 × 3 × 3 mm3 , we found that noise levels in Bz could be reduced to
about 0.25 or 0.05 nT at 3 or 11 T field strength, respectively. In order to further reduce noise
levels, a more detailed investigation to optimize MREIT pulse sequences must be undertaken.
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At the same time, experimental and data processing techniques to reduce noise must be
considered.
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