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Abstract—Recent progress in magnetic resonance electrical
impedance tomography (MREIT) research via simulation and
biological tissue phantom studies have shown that conductivity
images with higher spatial resolution and accuracy are achievable.
In order to apply MREIT to human subjects, one of the impor-
tant remaining problems to be solved is to reduce the amount
of the injection current such that it meets the electrical safety
regulations. However, by limiting the amount of the injection
current according to the safety regulations, the measured MR
data such as the z-component of magnetic flux density in
MREIT tend to have low SNR and get usually degraded in their
accuracy due to the nonideal data acquisition system of an MR
scanner. Furthermore, numerical differentiations of the measured

required by the conductivity image reconstruction algorithms
tend to further deteriorate the quality and accuracy of the re-
constructed conductivity images. In this paper, we propose a
denoising technique that incorporates a harmonic decomposition.
The harmonic decomposition is especially suitable for MREIT
due to the physical characteristics of . It effectively removes
systematic and random noises, while preserving important key
features in the MR measurements, so that improved conductivity
images can be obtained. The simulation and experimental results
demonstrate that the proposed denoising technique is effective for
MREIT, producing significantly improved quality of conductivity
images. The denoising technique will be a valuable tool in MREIT
to reduce the amount of the injection current when it is combined
with an improved MREIT pulse sequence.

Index Terms—Conductivity image, harmonic decomposition,
MREIT, PDE-based denoising.

I. INTRODUCTION

I N MAGNETIC resonance electrical impedance tomography
(MREIT), the primary goal is to image cross-sectional con-

ductivity distributions inside an electrically conducting object.
The imaging procedure in MREIT involves injecting electrical
current into a subject through surface electrodes and measuring
the -component, , of the induced magnetic flux density
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, where is the direction of the main mag-
netic field of an MR scanner. The reconstruction of conductivity
image is achieved from the relationship between the injection
current and the induced magnetic flux density . Several con-
ductivity image reconstruction algorithms for MREIT based on
the novel mathematical formulations have been developed and
published [1]–[3]. The numerical simulation and experimental
studies with biological tissue phantoms have also demonstrated
the feasibility of obtaining cross-sectional conductivity images
with much improved spatial resolution and accuracy [4], [5].

In order to apply MREIT to human subject, one of the impor-
tant remaining problems to be solved is to reduce the amount
of the injection current such that it meets the electrical safety
regulations. However, by limiting the amount of injection cur-
rent according to the safety regulations, the measured data
tend to have lower SNR and get usually degraded in their ac-
curacy due to the nonideal data acquisition system of an MR
scanner. Furthermore, during the image reconstruction process
using the harmonic algorithm [5] or gradient decompo-
sition algorithm [6], numerical computations of or
from the noisy data tend to amplify the noise. Hence, it is
necessary to develop an efficient denoising technique that effec-
tively eliminates the random and systematic noise in the data
while preserving important features.

Denoising in MREIT should be based on the careful under-
standing on the relationship between the data and conduc-
tivity distribution to be imaged. The noise-free image is con-
tinuous and piece-wise smooth since . Furthermore,
according to the relation between and (

, where is voltage [12]) any contrast in a conduc-
tivity distribution produces refraction in and the degree of
refraction is associated with the degree of conductivity changes
in such a way that small changes in conductivity become less
salient in . Therefore, the aim of denoising in MREIT is the
removal of the noise while preserving the refracted features of
the data that convey the edge information of the conductivity
image. However, since the data only contain varying degrees
of refractions and no conventional edge information, it is un-
desirable to directly apply conventional edge-driven denoising
techniques in MREIT.

In this study, we propose a harmonic decomposition
method that is incorporated in a partial differential equation
(PDE)-based denoising technique. The harmonic decomposi-
tion separates the noisy data into two parts. One is a spatially
varying harmonic part providing only baseline information of
the noise-free . The other is a noise-embedded feature part.
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The advantage of the decomposition is that the information
which has to be preserved becomes more apparent and salient
in the decomposed feature part of as peaks and troughs.
Then, we apply a PDE-based denoising technique only on
the feature part, utilizing a priori edge information from MR
magnitude image. One critical attribution of the PDE-based
denoising is its ability of preserving the edges of key structures
during smoothing. Therefore, the enhanced feature part by the
decomposition gets better utilized in the gradient operation of
the PDE-based denoising technique, making denoising more
effective.

The simulation and experimenal results in Section III clearly
demonstrate that the proposed harmonic decomposition and
PDE denoising methods are quite effective, resulting in signifi-
cantly improved conductivity images.

II. METHODS

A. Measurement of Data and Conductivity Reconstruction

In the following section, we review how the data is mea-
sured in the MREIT system and how the conductivity image
is reconstructed from the data. The measurement technique
in MREIT is same as that of the MR Current Density Imaging
(MRCDI) [8], where the primary concern is to obtain images
of internal current density distributions. Using a constant cur-
rent source and a pair of surface electrodes, we sequentially
inject two types of current pulses, and , which are syn-
chronized with the standard spin echo pulse sequence. This in-
jection of electrical current during MR imaging induces a mag-
netic flux density . Since the magnetic flux
density produces inhomogeneity of the main magnetic field
changing to , it causes phase changes that are pro-
portional to the -component of , . If we select the slice at

, the corresponding MR signals for and become
(1) and (2), respectively, as shown at the bottom of the page,
where is the transverse magnetization, is any systematic
phase error, is the gyromagnetic ratio of the hydrogen (i.e.,

), and is the duration of current
pulses.

Two-dimensional discrete Fourier transformations of
and result in the following two complex

images of and

(3)

By dividing the two complex images, we get

(4)
where is the principal value of the argument of the com-
plex number .

Since is wrapped in , we must
unwrap to obtain . To see the relationship between

and , we define
and the value of at each point is an integer multiple of .
Using a phase unwrapping algorithm [9], we can obtain

(5)

This data collection process can be carried out for multiple
slices at , , so we obtain a map for each
tomographic slice of a three dimensional subject . According
to the Biot-Savart law, can be represented as

(6)

where is the internal current density,
, , and the magnetic flux density

due to the current along external lead wires.
Upon the measurement of , it is utilized in the reconstruc-

tion of conductivity distribution. The harmonic algorithm
that we have utilized in this study reconstructs the conductivity
distribution from the relationship between the multiple in-
jection currents and measured data . More details are avail-
able in our previously published paper [5]. If we inject multiple
currents , the corresponding voltage satisfying

is the solution of the classical boundary value
problem in

in
on ,

(7)

where is the unit outward normal vector to the boundary
of the subject and is the corresponding Neumann boundary
condition subject to the injection current .

(1)

(2)
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Fig. 1. Decomposition and denoising steps of B .

The harmonic reconstruction algorithm is based on the
following identity:

...
...

... (8)

B. Harmonic Decomposition and PDE-Based Denoising

Various denoising techniques based on partial differential
equations (PDE’s) have been proposed to denoise signals and
images [7]. The main aim of such approaches is to eliminate
the noise, while preserving piecewise constant features such
as object edges and patterns. As we mentioned, however, in
the noisy data, the refracted features containing the edge
information are difficult to be preserved due to their smooth
transition. Therefore, to convert the problem into a form that
can be better handled in the PDE-based denoising, we propose
a technique which decomposes the original noisy data into
the smooth harmonic and noisy feature part

(9)

We now suppose that is obtained in the subdomain of
truncated by the two planes ;

. We obtain the harmonic part by solving
the following Laplace equation with the Dirichlet boundary con-
dition using the finite element method as described in [5]

in
on

(10)

where is the boundary of . The solution of (10) also can
be represented by the following integral equation:

(11)

where is the unit outward normal vector at .
The resulting solution in can be viewed as a smoothed

version of the original data. By subtracting this harmonic

part from the original data, we obtain the noisy feature part
that can also be represented as

(12)

The main point of this decomposition approach is that the
noisy feature part contains essential object features including
the edges required to reconstruct conductivity images. In fact,
the refracted features that need to be preserved become more
apparent as peaks and troughs in the feature part than in the
original data. Thus, the objective of a subsequent denoising
is to keep the feature information in while removing the
noise. Once is denoised with the MR magnitude information

, is added to get the denoised . The whole process is
summarized in the block diagram of Fig. 1.

We should note that not only the magnitude of the peaks or
troughs but also the sharpness of the key features must be pre-
served, since the object sharpness in the conductivity image is
strongly related to them. The best way to preserve the sharp-
ness of the peaks or troughs is to leave them intact. Therefore,
we propose a PDE-based diffusion denoising technique which
shuts the diffusion process off at the locations of the peaks or
troughs.

In order to differentiate the edges corresponding to actual
objects from noise, we utilize the information from the corre-
sponding MR magnitude image which is readily available in
MREIT. That is, during the diffusion process, in a region where
the MR magnitude image indicates an edge, we turn the diffu-
sion process off and preserve the peak. We turn the diffusion
process on to eliminate the noise at the region where the MR
image is smooth.

This can be achieved by solving the following diffusion PDE
equation:

(13)

where is the initial map, the corresponding
MR magnitude image, and both and decreasing functions
such that
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Fig. 2. Simulation setup: (a) magnitude image, (b) true conductivity image, (c) noise-free B map, and (d) reconstructed conductivity from the B data with no
added noise.

The term plays a key role for preserving
data along the edge of the MR image , while flattening

on a region where is small. For example, we

may choose if
if

with a threshold

and . In this case, the diffusion
PDE equation becomes the following nonlinear equation

C. Implementation

The implementation of the proposed PDE-based denoising
technique is based on the numerical scheme of anisotropic diffu-
sion by Perona and Malik [11]. A four-connected neighborhood
was used in the computation of gradient. To control the degree
of diffusivity, we introduced a parameter into such that

. The constant was set to be 85–90 per-
cent of the integral of the gradient magnitude histogram as done
in [11]. The parameter was set to be above the gradient magni-
tude of the noisy background of the MR magnitude image. The
performance of edge-preserving denoising is affected by the set-
ting of the parameters , , and number of iterations. We either
fixed the values of these parameters within a specified range of
values or using the noise level estimator [11].

III. RESULTS

A. Simulation Study

We tested the proposed denoising technique with a set of
simulated multi-slice data computed using the three-dimen-
sional forward solver in MREIT [10].

In the setup of simulation study, we have considered the
following cases: 1) the magnitude image contains objects

whose edges match those in the conductivity image as shown in
Fig. 2(a) and (b), respectively; 2) among those objects in Case 1,
one object has the same magnitude but differs from another in
conductivity; 3) the magnitude image contains an object in the
upper-left quadrant of Fig. 2(a), but its corresponding region in
the conductivity image is homogeneous; and (4) an object in
the upper-right quadrant of the conductivity image as shown in
Fig. 2(b) does not exist in the magnitude image. This simulation
setup allows the investigation of the effect of utilizing a priori
edge information in denoising, harmonic decomposition, and
conductivity reconstruction with denoising. Fig. 2(c) shows a
simulated noise-free map according to the conductivity dis-
tribution in Fig. 2(b) using the forward solver in [10]. Fig. 2(d)
is the reconstructed conductivity image using the harmonic
algorithm with the noise-free .

In order to simulate noisy data, we added a realistic
amount of Gaussian random noise as described in [8] where
SNR is defined according to the corresponding MR magnitude
image. Fig. 3(a) shows a noisy map for SNR of 90, Fig. 3(b)
the harmonic part , and Fig. 3(c) the noisy feature part
after harmonic decomposition.

Fig. 4 shows the results of the proposed denoising method
applied to the noisy . Fig. 4(a) shows the denoised feature
part, Fig. 4(b) the sum of the harmonic and denoised feature part,
and Fig. 4(c) the difference between the noisy and denoised

.
To evaluate the performance of the proposed denoising

method, we have also performed denoising via conventional
median filtering of (filter size of 3 3) and direct denoising
of with magnitude but without harmonic decomposition,
and examined their reconstruction errors. Fig. 5(a)–(d) are
the reconstructed conductivity images respectively without
denoising, with the median filtered , with the denoised
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Fig. 3. Harmonic decomposition: (a) noisyB map for SNR of 90, (b) smooth
harmonic part B , and (c) noisy feature part B , respectively.

without decomposition, and with the denoised with
decomposition in the case of . As demonstrated in
Fig. 5(d), the proposed method is more robust to the artifact
clearly visible in Fig. 5(c) caused by the influence of the object
only pertinent to the magnitude image. Also the edges of
objects in the conductivity image are much better preserved in
Fig. 5(d). For the object with its contrast only in conductivity,
the proposed-method can become isotropic since no magnitude
information is available, resulting in no enhancement in the
edges. A careful setting of parameters is required, because the
filter becomes sensitive to only the gradient magnitude of

Fig. 4. Effect of denoising: (a) denoised feature part, (b) sum of the harmonic
and denoised part, and (c) difference between the noisy B and denoised B .

and diffusivity parameter . Fig. 6(a)–(d) shows the results from
the noisy data in the case of , and Fig. 7(a)–(d)
the results in the case of . Similar observations can
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Fig. 5. Reconstructed conductivity images for SNR of 90: (a) without denoising, (b) with median filtered B , (c) with denoised B without decomposition, and
(d) with denoised B with decomposition. Note magnitude information was used for (c) and (d).

Fig. 6. Reconstructed conductivity images for SNR of 60: (a) without denoising, (b) with median filtered B , (c) with denoised B without decomposition, and
(d) with denoised B with decomposition.

be made in all three cases, demonstrating the effectiveness of
the proposed denoising method.

The sum of squared error difference for each SNR
of four cases are plotted in Fig. 8. As clearly shown,
denoising reduces the reconstruction error significantly. At

every drop of 30 in SNR, there seems to be a percent
gain in the reconstruction error: 2% at , 4% at

, and 8% at . Also the quality of
denoised image at is close to that of original
image at .
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Fig. 7. Reconstructed conductivity images for SNR of 30: (a) without denoising, (b) with median filtered B , (c) with denoised B without decomposition, and
(d) with denoised B with decomposition.

Fig. 8. Plots for sum of squared error difference: without denoising, with
median filtering, with denoising B , and with denoising B .

B. Experimental Study

Next, we applied the proposed denoising scheme on real ex-
perimental data of MREIT, where the biological tissue phan-
toms were imaged to obtain their corresponding tomographic
conductivity images. More details on how conductivity images
were obtained from biological tissue phantoms using MREIT
can be found in [4] with the scan parameters. Fig. 9 shows a set
of representative denoising results on the conductivity image of
the biological soft tissue phantom. Fig. 9(a) shows a magnitude
MR image of the tissue phantom where three different types of

animal soft tissues are embedded in agar-gel. Each tissue types
including bovine liver, porcine muscle, and chicken breast are
labeled accordingly. Fig. 9(b) and (c) shows the corresponding
reconstructed conductivity images without and with denoising
respectively. Significantly improved image quality is clearly no-
ticeable after denoising. For the air bubble identified in Fig. 9(a),
since MR signals could not be obtained (thus signal void in the
measured as well), we constrained its conductivity value to
be zero in the reconstruction. We are currently investigating a
better way to handle this type of situation.

IV. DISCUSSION AND CONCLUSION

We have numerically and experimentally demonstrated
that the reconstruction algorithm with the denoised data
successfully reconstructs conductivity images with signifi-
cantly improved image quality and contrast. The proposed
denoising technique first utilizes a harmonic interpolator to
decompose the measured magnetic flux density into the
smooth harmonic part and noisy feature part . Inside a
homogeneous medium, would be constant plus an added
noise. For an inhomogeneous medium, the corresponding
shows the edges of the conductivity image. Then the proposed
PDE-based denoising is performed on the noisy part .

In this study, we have also shown that by incorporating a
priori information of the edges captured from the corresponding
MR magnitude image, we can eliminate or reduce the noise
more effectively while preserving important features via the
PDE-based anisotropic diffusion smoothing with the improved
edge preserving diffusion coefficients.
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Fig. 9. Denoising results for a biological soft tissue phantom: (a) magnitude
MR image of the tissue phantom where three different types of animal soft
tissues are embedded in agar-gel. Each tissue type including bovine liver,
porcine muscle, and chicken breast, is labeled accordingly, (b) corresponding
reconstructed conductivity image without denoising, and (c) with denoising.

As learned from the simulation study, it is possible that the
edges of objects that only exist in the magnitude image can
affect the denoising, creating artifacts in conductivity images.
However, it is found that the harmonic decomposition makes
the proposed denoising method less sensitive to such artifacts.

Even though the proposed method performs reasonably well,
it is obvious that many different variational forms of anisotropic
diffusion denoising are certainly possible. In addition, there is
a technical problem of optimizing diffusion parameters. We are
currently investigating different variations of PDE-based diffu-
sion smoothing and a means of optimizing their associated pa-
rameters. Our future study also includes an improved MR pulse
sequence especially designed for MREIT, producing better SNR
of the measured data.
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