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Abstract
Cross-sectional imaging of conductivity and permittivity distributions inside
the human body has been actively investigated in impedance imaging areas such
as electrical impedance tomography (EIT) and magnetic induction tomography
(MIT). Since the conductivity and permittivity values exhibit frequencydependent changes, it is worthwhile to perform spectroscopic imaging from
almost dc to hundreds of MHz. To probe the human body, we may inject
current using surface electrodes or induce current using external coils. In EIT
and MIT, measured data are only available on the boundary or exterior of
the body unless we invasively place sensors inside the body. Their image
reconstruction problems are nonlinear and ill-posed to result in images with a
relatively low spatial resolution. Noting that an MRI scanner can noninvasively
measure magnetic fields inside the human body, electrical tissue property
imaging methods using MRI have lately been proposed. Magnetic resonance
EIT (MREIT) performs conductivity imaging at dc or below 1 kHz by
externally injecting current into the human body and measuring induced internal
magnetic flux density data using an MRI scanner. Magnetic resonance electrical
property tomography (MREPT) produces both conductivity and permittivity
images at the Larmor frequency of an MRI scanner based on B1-mapping
techniques. Since internal data are only available in MREIT and MREPT,
we may formulate well-posed inverse problems for image reconstructions. To
develop related imaging techniques, we should clearly understand the basic
principles of MREIT and MREPT, which are based on coupled physics of
bioelectromagnetism and MRI as well as associated mathematical methods.
In this paper, we describe the physical principles of MREIT and MREPT in
a unified way and associate measurable quantities with the conductivity and
permittivity. Clarifying the key relations among them, we examine existing
image reconstruction algorithms to reveal their capabilities and limitations. We
discuss technical issues in MREIT and MREPT and suggest future research
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Printed in the UK & the USA

1

Inverse Problems 28 (2012) 084002

J K Seo et al

directions to improve the quality of cross-sectional images of the electrical
tissue properties.
(Some figures may appear in colour only in the online journal)
1. Introduction
Electrical properties of a biological tissue include the conductivity σ and permittivity ε. We
denote the admittivity at the angular frequency ω as κ = σ + iωε. Numerous experimental
studies have shown that the electrical properties provide diagnostic information about the
physiological and pathological states of the tissues and organs [21–23, 25]. Cross-sectional
imaging of the conductivity and permittivity distributions inside the human body has been
an active research goal in electrical impedance tomography (EIT) and magnetic induction
tomography (MIT) for more than two decades. To probe the human body, one may inject
current through surface electrodes in EIT or induce current using external coils in MIT. In
these methods, measured data are only available on the boundary or exterior of the body unless
we invasively place sensors inside the body. Image reconstruction problems are nonlinear and
ill-posed to produce images with a relatively low spatial resolution [34, 92].
Noting that an MRI scanner can noninvasively measure magnetic fields inside the
human body in a form of cross-sectional image, new methods of visualizing the admittivity
distribution using MRI have lately been proposed. Magnetic resonance EIT (MREIT) performs
conductivity imaging at dc (zero frequency) or below 1 kHz by externally injecting current
into the human body and measuring induced magnetic flux density inside the body using an
MRI scanner. Magnetic resonance electrical property tomography (MREPT) produces both
conductivity and permittivity images at the Larmor frequency of about 128 MHz using a 3 T
MRI scanner based on B1-mapping techniques.
Since measured data inside the imaging object are available in MREIT and MREPT, we
may formulate well-posed image reconstruction problems and produce high-resolution images.
However, understanding the physical principles of MREIT and MREPT is hindered by the
coupling of the physical principles of bioelectromagnetism and MRI. In addition, developments
of image reconstruction algorithms require mathematical formulations of the principles
as forward and inverse problems, which must be properly implemented by sophisticated
numerical techniques. Based on integrated knowledge on these topics, clear understanding
and implementations of the associated measurement techniques are also in demand to advance
these novel imaging methods of MREIT and MREPT.
We will first explain the physical principles of MREIT and MREPT in a unified way.
Explaining the measurement techniques by using an MRI scanner, we will describe practically
measurable quantities and associate them with the conductivity and permittivity to clarify
the key relations among them. We will examine the existing image reconstruction algorithms
in MREIT and MREPT to reveal their capabilities and limitations. Presenting examples of
experimental results, we will discuss technical issues in MREIT and MREPT and suggest
future research directions to improve the quality of cross-sectional images of the electrical
tissue properties.
2. Admittivity imaging problem
2.1. Basic setup
We denote an imaging object as . The admittivity distribution in  is κ = σ + iωε, where
σ and ε are the conductivity and permittivity, respectively, at the angular frequency ω. The
2
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Figure 1. Two probing methods for admittivity imaging where it is imperative to produce an
electrical current density inside the imaging object : (a) current injection using a pair of surface
electrodes and (b) current induction using an external coil.

magnetic permeability of the imaging object, which in this paper is the human body, is
assumed to be the constant μ0 . To measure the passive material property of admittivity, we
must employ a probing method, which excites the object by externally applying a form of
energy and measures its responses affected by the admittivity.
To sense the admittivity κ by Ohm’s law J = κE, where J and E are the current density
and electric field intensity, respectively, it is imperative to produce J in . As shown in
figure 1, there are two methods to produce J in . First, we can inject dc or ac into  through a
pair of electrodes on the boundary ∂. Second, we may feed ac into a coil outside  to induce
current inside . We should then set up a forward problem based on constitutive relations,
underlying physical principles and available measurement techniques.
To collect data related to the admittivity, we should measure some quantities that enable
us to either directly or indirectly estimate the internal current density J and the electric field
intensity E. Maxwell’s equations will be used to connect the physical quantities with the
admittivity.
2.2. Governing equations
We assume that there exist time-harmonic electric and magnetic fields, E and H, respectively,
in  subject to a certain kind of external excitation as illustrated in figure 1. We use the vector
phasor notation for all quantities including E, H and related field variables. The excitation
must produce a current density J in , which is affected by the admittivity κ. In figure 1(a), we
can inject dc to probe the conductivity or ac to probe both the conductivity and the permittivity.
In figure 1(b), we must feed ac into the external coil to produce a time-varying ac magnetic
field in  since an externally generated dc magnetic field is not influenced by the admittivity
in .
From Maxwell’s equations, we have
(1)
∇ × E(r) = −iωμ0 H(r) and ∇ × H(r) = κ (r)E(r) = J(r).
The current density J = κE = (σ + iωε)E consists of Jc := σ E, i.e. the conduction current
due to the migration of mobile charge carriers, and Jd := iωεE, i.e. the displacement current
due to the polarization of immobile charges. Taking the curl operation to ∇ × H = κE, we
obtain
∇ × ∇ × H(r) = ∇ × [κ (r)E(r)] = ∇κ (r) × E(r) + κ (r)∇ × E(r).
(2)
3
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Since ∇ · H = 0, ∇ × ∇ × H = −∇ 2 H + ∇∇ · H = −∇ 2 H and we obtain
−∇ 2 H(r) = ∇κ (r) × E(r) − iωμ0 κ (r)H(r).

(3)

We can rewrite (3) as
∇κ (r)
× [∇ × H(r)] − iωμ0 κ (r)H(r).
(4)
κ (r)
Using the fact that ∇ · (μ0 H) = 0, we can express H as a vector magnetic potential A such
that
−∇ 2 H(r) =

μ0 H(r) = ∇ × A(r)

and

∇ · A(r) = 0

(Coulomb gauge).

(5)

Since ∇ × (E + iωA) = 0, we can define a scalar potential u such that
−∇u(r) = E(r) + iωA(r).
Multiplying κ to both sides, we obtain
−κ (r)∇u(r) = κ (r)E(r) + iωκ (r)A(r).
Hence, the total current density Jt = −κ∇u can be decomposed as Jt = J + Je , where
Je = iωκA is called the eddy current. Noting that ∇ · J = 0, we have
∇ · [κ (r)∇u(r)] = −iω∇ · [κ (r)A(r)] = −iω∇κ (r) · A(r).

(6)

This means that the eddy current Je generates a source of charge where the admittivity κ
changes.
Denoting ur = {u} and ui = {u}, we have
Jt (r) = −[σ (r)∇ur (r) − ωε(r)∇ui (r)] − i[ωε(r)∇ur (r) + σ (r)∇ui (r)].

(7)

Noting that −∇ur = {E} − {ωA} and −∇ui = {E} + {ωA}, we can interpret each term
in (7) in the following ways.
• −σ ∇ur is the sum of the conduction current by the dc or the ac electric field and the
conduction eddy current by the ac magnetic field induced by the ac displacement current.
• ωε∇ui is the sum of the displacement current by the ac electric field induced by the ac
magnetic field and the displacement eddy current by the ac magnetic field induced by the
ac conduction current.
• −ωε∇ur is the sum of the displacement current by the ac electric field and the displacement
eddy current by the ac magnetic field induced by the ac displacement current.
• −σ ∇ui is the sum of the conduction current by the ac electric field induced by the ac
magnetic field and the conduction eddy current by the ac magnetic field induced by the ac
conduction current.
In the following subsections, we assume that we can measure H or partial information of
H as described in section 3. Then, we will formulate meaningful expressions for the admittivity
κ in terms of H.
2.3. Expression for homogeneous admittivity
We begin by considering the simple case of ∇κ = 0, i.e. the imaging object  is locally
homogeneous. Using ∇κ
× (∇ × H) = 0, we can obtain a direct formula for κ from (4). For
κ
any unit vector a, we can express κ as
1 a · ∇ 2 H(r)
iωμ0 a · H(r)
as far as the fraction makes sense.
κ (r) =

4

for

r∈

(8)
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2

H
The quantity − a·∇
can be viewed as the square of the wave number k:
a·H

a · ∇ 2H
σ 
= ω2 μ0 ε 1 − i
.
(9)
k2 = −
a·H
ωε
We assume that the size of the imaging object is L that is less than 1 m and estimate

σ 
L
√

|k|L = 2π = 2π f μ0 ε 1 − i L,
(10)
λ
ωε
ω
where λ = 2π |k|−1 is the wavelength and f = 2π
. If |k|L  1 for a certain frequency f ,
the object size L is much smaller than the wavelength λ. Then, H appears to be a constant
vector within the object and ∇ 2 H ≈ 0. This means that it is very difficult to achieve a robust
evaluation of the wave number at low frequencies, e.g., below 1 MHz since ∇ 2 H(r) ≈ 0 in 
due to its long wavelength.
For example, at 1 MHz, the wavelength λ inside the breast could be about 60 m
(εr ≈ 24, ε0 ≈ 8.85 × 10−12 , μ0 = 4π × 10−7 ), which is much longer than the size of
the breast. This means that ∇ 2 H at 1 MHz is so small for breast imaging that the direct
formula (8) may not provide a robust evaluation of κ. At 100 MHz, the wavelength inside the
prostate could be roughly 0.26 m so that the direct formula (8) may provide a quantitative
evaluation of κ. Taking account the relative permittivities of human tissues, it seems that the
direct formula (8) may not be reliable at frequencies below 10 MHz.

2.4. Expression for inhomogeneous admittivity
Tissue inhomogeneities produce reflection of H along tissue–tissue interfaces and the term
∇κ
× (∇ × H) in (4) plays a significant role. Multiplying a known vector field F to (4) leads to
κ
∇κ (r)
− iωμ0 κ (r)F(r) · H(r),
−F(r) · ∇ 2 H(r) = G(r) ·
(11)
κ (r)
where
G(r) = −F(r) × [∇ × H(r)]

or

G(r) = −F(r) × J(r).

We can choose F based on a chosen data acquisition method.
• At dc or low frequencies below 1 kHz, we can measure the z-component Hz of H in 
using an MRI scanner. (See section 3.3 for details.) In this case, we use F = ẑ := (0, 0, 1)
and neglect the term ωμ0 κHz in (11) to obtain
∇κ (r)
.
(12)
−∇ 2 Hz (r) = [ẑ × J(r)] ·
κ (r)
This means that the directional derivative of log κ in the direction ẑ × J is the Laplacian
of Hz . We should note that this identity alone is insufficient to determine κ uniquely. The
use of (4) allows one to perceive the spatial change of κ in the direction ẑ × J, while it is
blind to the change in the direction parallel to J. MREIT is based on this identity to find
the conductivity at dc or low frequencies.
• At the Larmor frequency of 128 MHz at 3 T, e.g., the B1-mapping technique in MRI
provides a positive-rotating magnetic field H + = 12 (Hx + iHy ). (See section 3.4 for
details.) In this case, we choose F = 12 (x̂ + iŷ) to use
∇κ (r)
1
− iωμ0 κ (r)H + (r),
(13)
−∇ 2 H + (r) = ((x̂ + iŷ) × ∇ × H(r)) ·
2
κ (r)
where x̂ = (1, 0, 0) and ŷ = (0, 1, 0). MREPT utilizes this formula to produce images of
the admittivity at the Larmor frequency.
5
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3. Measurable quantities and imaging modalities
Admittivity image reconstructions can be done by using (4) if we can measure H inside .
Alternatively, we may produce admittivity images based on (6) by measuring u on the surface
or H outside . We may, therefore, classify measurement methods in electrical tissue property
imaging based on where we measure the physical quantities. To the best of our knowledge,
the MRI scanner seems to be the only imaging modality that is capable of noninvasively
capturing partial information of H inside the human body. The MRI scanner utilizes three
different magnetic fields including a main dc field, gradient ac field and RF field at the Larmor
frequency. In theory, the magnetic field H in (4) can be any one of these three fields or their
perturbations. Although, in this paper, we focus on the methods of measuring a magnetic
field H inside the imaging object using an MRI scanner, we will first briefly review two other
methods of boundary and external measurements.

3.1. Boundary measurement of voltage
On the boundary of the imaging object, we can noninvasively measure voltage or current by
using multiple surface electrodes. Since the surface electrodes are available, it makes more
sense to excite the imaging object by injecting currents through these surface electrodes. This
is the measurement scheme of EIT.
Since biological tissues comprise cells with thin insulating cellular membranes, their
conductivity values provide more abundant diagnostic information at low frequencies where
conduction currents are dominant. For example, low frequency currents are affected by cell
swelling to a larger extent than high frequency currents since cells tend to be transparent
at high frequencies. Furthermore, measurement errors get bigger at high frequencies above
1 MHz, e.g., in EIT, since undesirable effects of stray capacitances in the analog circuitry
are more severe at high frequencies. Most EIT systems, therefore, aim to produce admittivity
or conductivity images in the frequency range from several hundred Hz to several hundred
kHz. EIT was first proposed in 1978 by Henderson and Webster [33] and its mathematical
formulation was given by Calderón [14].
Below 1 MHz, we may assume that iωμ0 H in (1) and iωκA in (6) are negligibly small.
Then, the time-harmonic voltage u(r, ω, t ) in (6) satisfies the following Neumann boundary
value problem for each ω and t:

∇ · [κ (r, ω, t )∇u(r, ω, t )] = 0,
for r ∈ ,
(14)
−κ (r, ω, t )∇u(r, ω, t ) · n = g(r), for r ∈ ∂,
where n is the outward unit normal vector on ∂ and g is the Neumann boundary data due
to the injected current. In some cases, the admittivity κ is replaced by the conductivity σ by
assuming that σ
ωε.
Most EIT systems are equipped with multiple current sources and voltmeters so that they
can inject currents and measure voltages through multiple surface electrodes. We will use
the point-electrode model where each surface electrode is regarded as a point. Although the
complete electrode model [17, 78, 86] is most accurate, the point-electrode model as justified
in [30] is good enough for the purpose of the arguments in this section. Let uP represent the
electric potential in  due to the injection current of I mA though a pair of point electrodes at
positions P+ , P− ∈ ∂, i.e. uP is a solution of (14) with g(r) = I(δ(r − P+ ) − δ(r − P− )).
Admittivity or conductivity image reconstruction in EIT can be based on the reciprocity
6
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relation in which the following weighted integral of κ is determined by the arrangement of
four points P+ , P− , Q+ , Q− :

1
κ∇uP · ∇uQ dr = uQ (P+ , ω, t ) − uQ (P− , ω, t ).
(15)
uP (Q+ , ω, t ) − uP (Q− , ω, t ) =
I 
This can be measured using surface electrodes. The corresponding inverse problem, called
Carderón’s problem [14], is to recover κ from the Neumann-to-Dirichlet (NtD) data
{uP (·, ω, t )|∂ : P± ∈ ∂} at fixed ω and t. There have been published novel theoretical
results guaranteeing a unique identification of σ from the NtD data at ω = 0 [47, 81–83, 59,
58, 13, 6, 43].
Assume that we attached a number N of point electrodes P1 , P2 , . . . , PN with P+
j = Pj ,
N
−
Pj
a
u
for
a
=
(a
,
.
.
.
,
a
)
∈
RN . By
Pj = Pj+1 and PN+1 = P1 . Denote ua =
1
N
j=1 j
superposition and (15), the inverse problem is to recover κ from knowledge of the integral
N
 κ∇ua · ∇ub dr for all possible a, b ∈ R . Unlike CT and MRI, EIT has difficulty
controlling the distribution of ∇ua · ∇ub , which is a nonlinear function of κ. The measurable
quantity  κ∇uP · ∇uQ dr is very sensitive to the boundary geometry ∂ and the positions
of P+ , P− , Q+ , Q− , while it is insensitive to a local perturbation of κ away from the
measuring points P+ , P− , Q+ , Q− . In practice, the amount of information in the measured
NtD data is limited by the number of electrodes and there always exist uncertainties in
terms of electrode positions and boundary shape of the imaging object. Due to this ill-posed
nature of the inverse problem, for static EIT it would be practically very difficult to achieve
robust reconstructions of clinically useful conductivity images. Technical innovations are
necessary.
In time-difference EIT, frequency-difference EIT and microscopic EIT using a fixed
sample container, we can take advantage of a data subtraction method to effectively deal
with the technical difficulties associated with the boundary geometry errors and electrode
position uncertainties [54, 16, 34, 68, 73, 51]. The frequency-difference data uQ (P+ , ω +
ω, t ) − uQ (P− , ω, t ) and the time-difference data uQ (P+ , ω, t + t ) − uQ (P− , ω, t ) may
cancel out common forward modeling errors. In these difference imaging methods, we can
make a connection between the difference data and the local admittivity changes more
effectively.
Various EIT reconstruction methods have been proposed including the back-projection
[7, 12, 35], one-step Newton [15], layer stripping [79], D-bar [57], factorization [29, 31] and
so on. They are usually combined with a regularization method [20] to handle ill-conditioning
problems. Following early studies by Barber and Brown [7] and Cheney et al [16], numerous
clinical application studies of EIT have also been conducted [53, 67, 34]. We refer to [1, 38, 39]
for reconstruction ability and to [16, 11] for an overview of EIT. Some research works focus
on detection of anomalies such as cancer detection instead of imaging [49, 4, 5]. Although
EIT can produce admittivity images with a high temporal resolution, it still requires further
technical improvements in terms of spatial resolution and accuracy to reach the stage of routine
clinical use.
3.2. External measurement of magnetic field at radio frequency
Since σ = 0, ε = ε0 and μ = μ0 in the air outside the imaging object, (4) is reduced to
∇ 2 H(r) + ω2 μ0 ε0 H(r) = 0.

(16)

We note that the magnetic field H outside  in (16) conveys information on the admittivity
κ inside the imaging object  through (5) and (6). Since the magnetic field is time varying,
7
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Figure 2. Experimental setup to acquire Bz images at dc for (a) one and (b) two current injections
by using surface electrodes.

we can measure an induced voltage using an external sense or receive coil placed outside the
imaging object . From Faraday’s law of induction, the induced voltage ui is

ui = E(r) · dr = −iω μ0 H(r) · dr,
(17)
C

S

where C is the closed path of the receive coil and S is the coil surface.
In theory, external excitation can be done either by injecting current through surface
electrodes or inducing current by external transmit coils. The sinusoidal frequency of the
external excitation must be high enough to produce a measurable induced voltage in (17).
In MIT, multiple transmit and receive coils are used to excite the imaging object and
measure induced voltages at various geometrical settings in the frequency range of 1–10 MHz
[46, 77, 24]. All measurements can be done noninvasively without making any contact with the
imaging object. The admittivity image reconstruction problem in MIT is, however, a nonlinear
ill-posed inverse problem suffering from numerous modeling errors and measurement noise
[92, 93]. Most existing MIT systems, therefore, produce admittivity images with a relatively
low spatial resolution and accuracy.
3.3. Internal measurement of magnetic field at dc
Figure 2(a) shows an experimental setting in MREIT where internal measurements of induced
magnetic fields are utilized to produce conductivity images at dc or low frequencies. We
assume that the imaging object  lies inside an MRI scanner with its main dc magnetic
field B0 = (0, 0, B0 ) = B0 ẑ, where B0 is a constant. We inject dc through a pair of surface
electrodes E ± on the boundary ∂ to excite the imaging object. The externally injected
dc produces internal distributions of current density J = σ E and magnetic flux density
B = μ0 H = (Bx , By , Bz ), which are affected by the conductivity σ at dc.
When we inject dc as shown in figure 3 in a synchronized way with a chosen MR pulse
sequence, it generates inhomogeneity of the main dc magnetic field changing B0 to B0 + B
[40, 69, 70]. While both Bx and By have no influence on the MR signal generation, Bz alters the
MR phase image in such a way that the phase change is proportional to Bz . The measurable
component Bz conveys information on the conductivity σ by the Biot–Savart law:

r − r , σ (r )E(r ) × ẑ
μ0
Bz (r) =
dr + (harmonic term),
(18)
4π 
|r − r |3
8
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Figure 3. Basic spin echo pulse sequence to measure an induced magnetic flux density Bz at dc.

where the harmonic term is determined by the external lead wire currents outside  and its
Laplacian is zero.
For a 3 T MRI scanner, B0 = 3 T and Bz is usually in the range of several tens of nT if I
is a few mA. Using the basic spin echo pulse sequence in figure 3, we inject the current pulses
I ± twice with opposite polarities. Then, the corresponding k-space data S ± are

S ± (m, n) =
M(x, y) e jδ(x,y) e± jγ Bz (x,y)Tc e j(xm kx +yn ky ) dx dy,
(19)
where M is an MR magnitude image, δ is a systematic phase artifact due to a main field
inhomogeneity, γ = 26.75 × 107 rad T−1 s−1 is the gyromagnetic ratio of hydrogen and Tc is
the current pulse width in seconds.
We compute complex images M± by two-dimensional discrete Fourier transformations
±
of S in (19):
M± (x, y) = M(x, y) e jδ(x,y) e± jγ Bz (x,y)Tc .

(20)

Dividing the two complex images to reject δ, we obtain the phase change due to Bz as
M+ (x, y)
= 2γ Bz (x, y)Tc .
(x, y) = arg
(21)
M− (x, y)
Finally, we obtain Bz as
(x, y)
Bz (x, y) =
.
(22)
2γ Tc
To increase the total number of measurements, we may inject current in two different directions
as shown in figure 2. In this case, we can obtain two sets of Bz data from two current injections
along the horizontal and vertical directions for the same conductivity.
Since the k-space data are contaminated with noise, there occurs noise in measured Bz
data. Using the basic spin echo pulse sequence in figure 3, the noise standard deviation s in
measured Bz is
1
,
(23)
sBz = √
2γ Tc ϒM
where ϒM is the signal-to-noise ratio of the MR magnitude image M [70, 69]. For a given
MRI scanner with RF coils, numerous imaging parameters affect ϒM [27]. We note that
9
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Figure 4. GE-EPI-based pulse sequence with interleaved current injections for fast imaging of
magnetic flux density Bz .

the noise level in a measured Bz image may change from pixel to pixel as ϒM depends on
the pixel-dependent properties, such as the proton density, T1 and T2. Noting that the noise
standard deviation in measured Bz is inversely proportional to Tc and ϒM in (23), we should
devise pulse sequences to maximize the off-resonance phase due to current injection. Such new
pulse sequences should have different characteristics from conventional MR pulse sequences
focusing on the magnitude image.
In addition to the effort to reduce the noise level in Bz , we also need to reduce the scan
time. As an example of a fast scan technique, we explain how to adopt the gradient-echo
echo planar imaging (GE-EPI) method, which is a fast MR imaging technique for functional
MRI. Using the GE-EPI-based pulse sequence proposed in figure 4, we may inject current
for a longer duration and enhance the intensity of the magnitude image. Comparing with
the previously mentioned spin echo (SE) pulse sequence, the GE-EPI-based pulse sequence
collects multiple lines of the k-space coverage within one repetition time TR using a longer
data acquisition time Ts . Since the GE-EPI-based pulse sequence allows one to inject current
during the data acquisition time including multiple lines of the k-space, we can maximize the
phase signal caused by the injected current. If the current is continuously injected from the first
line to the th line of the k-space, the corresponding k-space data S ± with different durations
of the injected current are
S ± (m, ) =



M(x, y) e jδ(x,y) e± jγ Bz (x,y)(TE1 +(−1)

TE )

e j(xm

kx +y ky )

dx dy,

(24)

where TE1 denotes the first echo time and TE is the echo time width. The relation (24) shows
that the width of the injected current of th phase line in the k-space is TE1 + ( − 1) TE ,
which is much longer than that of the conventional pulse sequence in figure 3. A more rigorous
analysis is needed to recover the precise information of Bz considering other limitations of this
kind of the EPI method including T2∗ decay, field inhomogeneity artifact and different amounts
of injected currents for k-space data.
10
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Figure 5. Experimental setup to acquire B1-maps at the Larmor frequency by using an external
coil.

3.4. Internal measurement of magnetic field at the Larmor frequency
A time-varying magnetic field inside the human body is affected by its internal conductivity
and permittivity distributions via Maxwell’s equations. Noting that the MRI scanner can
acquire the field map at the Larmor frequency by relying on its RF subsystem, Haacke et al
[26] suggested the MREPT technique to image the admittivity κ at the Larmor frequency.
To understand how to measure the magnetic field at the Larmor frequency using an MRI
scanner, we must first clearly formulate the MR signal generation process. The strong uniform
main field B0 = −B0 ẑ of the MRI scanner in the longitudinal direction produces a distribution
of a net magnetization M(r, t ) that is dictated by the Bloch equation:
∂
(25)
M = −γ B0 × M = (γ B0 ẑ) × M.
∂t
From (25), we have
∂
∂
M⊥M
and
M ⊥ B0 ,
∂t
∂t
which means that the vector ∂t∂ M is perpendicular to both M and B0 . Denoting ω0 = γ B0 ,
(25) is

 ⎛
⎞
⎛ ⎞
 x̂
ŷ
ẑ 
M
−ω0 My

∂ ⎝ x⎠
My = −γ Mx My Mz  = ⎝ ω0 Mx ⎠ .
∂t
0
0 B0 
0
Mz
Writing M⊥ = Mx + iMy , we express the above identity as
∂
M⊥ = iω0 M⊥ .
∂t
The solution of the above ODE is
M⊥ (r, t ) = M⊥ (r, 0) eiω0 t .
It explains how B0 causes M to precess counterclockwise in the ẑ-direction at the angular
ω0
is approximately 63 MHz.
frequency ω0 = γ B0 . For a 1.5 T MRI system, the frequency of 2π
We assume that we feed a sinusoidal current of amplitude I and frequency ω0 = γ B0
through an external RF coil to generate a sinusoidally time-varying field B1 (r, t ) inside the
imaging object . Then, the corresponding time-harmonic field B1 with B1 = {B1 eiω0 t } can
be viewed as H in (4), which is influenced by the conductivity and permittivity distributions.
This B1 field H = B1 at the Larmor frequency flips the spins over xy-plane.
11
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During the RF excitation, M(r, t ) precesses according to the Bloch equation
∂
(26)
M(r, t ) = M(r, t ) × γ (B0 + B1 (r, t )).
∂t
If we turn off the RF field H, M(r, t ) will rotate about the z-axis at ω0 . Denote by M(r)
the time-harmonic expression of M(r, t ), i.e. M(r, t ) = {eiω0 t M(r)}. This M creates the
corresponding magnetic field HM and electric field EM that are dictated by
∇ × EM = −iω0 μ0 (HM + M),

∇ × HM = κEM .

(27)

According to Faraday’s law and the reciprocity principle [36, 37], the induced RF signal [84]
at the coil C in the the presence of the magnetization M can be expressed as

ωμ0
M
H(r) · M(r) dr.
(28)
ξ := E · d = −i
I
C

The above identity comes from the fact that


1
M
ξ=
E · Jc dr =
EM · (∇ × H − κE) dr
I R3 
R3 
= −iω0 μ0
= −iω0 μ0

3
R

R3

M · H dr +

R3

∇ · (EM × H − E × HM ) dr

M · H dr + 0,

where Jc is the filamentary current flowing through the coil. For detailed explanation on the
RF reciprocity, refer to [71].
The transverse field Hxy = Hx x̂ + Hy ŷ can be decomposed into the positively rotating
H (r)−iH (r)
field H + = 12 (Hx + iHy ) and the negatively rotating field H − = x 2 y :
Hx (r) − iHy (r)
Hx (r) − iHy (r)
a+ +
a− = H+ (r)a+ + H− (r)a− ,
(29)
2
2
where a+ = x̂ − iŷ and a− = x̂ + iŷ. The transversal component Mxy = Mx x̂ + My ŷ interacts
with the H + component and it can be approximated by

 H + (r)
a+ ,
Mxy (r) ≈ C1 M0 (r) sin C2 α|H + (r)|
|H + (r)|
where α denotes the nominal flip angle of the sequence depending on the RF pulse,
M0 (r) = M̃z (r, 0) and C1 , C2 are system-dependent constants [42, 37]. Since a− · a− = 0 and
a− · a+ = 2, the NMR RF signal ξ in (28) can be expressed as

H + (r)
dr.
(30)
M0 (r)H − (r) sin(C2 α|H + (r)|) +
ξ = 2C1
|H (r)|

Hence, we may assume that the following signal is measurable quantity for each α > 0:
H + (r)
.
(31)
ξα (r) := 2C1 M0 (r)H − (r) sin(C2 α|H + (r)|) +
|H (r)|
Hxy (r) =

The magnitude of H + can be determined by measuring the flip angle. One simple method to
extract |H + | is the double-angle method [19, 80], which uses
ξ2α (r)
sin(2C2 α|H + (r)|)
(32)
=
= 2 cos(C2 α|H + (r)|).
ξα (r)
sin(C2 α|H + (r)|)
+

H (r)
The phase of H + can be measured by assuming |H
+ (r)| ≈

 +
1
H (r)
Arg{ξα (r)} = Arg
.
2
|H + (r)|

12

H − (r)
|H − (r)|

and we can extract

H + (r)
|H + (r)|

by

(33)
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Figure 6. H + and H − asymmetry with increasing field strength.

This B1 map is influenced by the admittivity at the Larmor frequency [26]. Since we can obtain
the B1 map without using surface electrodes, admittivity imaging at the Larmor frequency
using the B1 map can be implemented without adding any extra hardware to an existing MRI
scanner. For details on the B1 mapping techniques, we refer to numerous published works
[2, 80, 18, 87, 56].
We now note that the negative rotating magnetic field H − is not available at present.
According to (31), an MRI scanner can provide the information of H + only since protons are
assumed to interact with the H + component, whereas the received signal in MRI, as a result of
the reciprocity principle, is related to the H − field as well. As a consequence, the use of (33)
H + (r)
H + (r)
H − (r)
to measure |H
+ (r)| requires the assumption of the symmetry |H + (r)| = |H − (r)| by ignoring any
asymmetric effects. However, as the field strength increases, this assumption starts to collapse.
In figure 6, we show the field patterns of H + and H − as a function of the field strength.
At low frequencies of below 100 MHz, asymmetric patterns are not noticeable. However, at
frequencies of 300 MHz, the asymmetric patterns are much more visible.
4. Image reconstruction methods using internal magnetic field measurements
Based on the currently available methods to noninvasively measure the internal magnetic field
using an MRI scanner, we can perform electrical tissue property image reconstructions for the
following three cases. First, we may produce conductivity images at dc using H = (Hx , Hy , Hz ).
In this case, we may produce current density images by using the relation J = ∇ × B and then
13
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use J to find the conductivity σ . Second, we may use only Hz to reconstruct a conductivity
image at dc. Third, we may use the B1 map to find an admittivity image including both
conductivity and permittivity at the Larmor frequency.
4.1. Current density and conductivity image reconstruction using H at dc
Magnetic resonance current density imaging (MRCDI) was developed by Joy et al in 1988 at
the University of Toronto [40, 69, 70]. To obtain an image of the current density J = ∇ ×H, we
need to measure all three components of H = (Hx , Hy , Hz ). Measurements of Hx and Hy can
be done by mechanically rotating the imaging object inside the MRI scanner twice. Once we
get current density images subject to at least two current injections as shown in figure 2(b), we
may reconstruct an image of the conductivity σ from the knowledge of the full components of
J. In early 1990s, three different initial trials by Zhang [91], Woo et al [89] and Birgul and Ider
[9] were independently attempted, but none of them could produce high-quality conductivity
images in actual imaging experiments.
Kwon et al [48] proposed the J-substitution algorithm based on the following nonlinear
PDE:
|J|
∇u = 0
inside the imaging object.
(34)
∇·
|∇u|


The corresponding reconstruction method is an iterative process using ∇ · σJn ∇un = 0
(n = 1, 2, . . .) with the initial guess σ0 = 1, and it can provide high-resolution conductivity
|J|
[44]. Nachman et al [41] and Lee [50] independently found
images by displaying σ = |∇u|
a direct (non-iterative) reconstruction method for visualizing ∇ ln σ at each point in a region.
This method, called the current density impedance imaging (CDII), was experimentally verified
in [32]. Recently, CDII using a single current density |J| has been carefully studied in [61–63].
These methods using the full components of H = (Hx , Hy , Hz ), however, suffer from practical
technical difficulties to rotate the imaging object inside the MRI scanner.
4.2. Conductivity image reconstruction using Hz at dc
Without rotating the imaging object inside the MRI scanner, only Hz is a measurable quantity,
and, therefore, it would be desirable to reconstruct σ using only Hz . The relation between Hz
and σ is determined by the z-component of the Biot–Savart law:

r − r , −σ (r )∇u[σ ](r ) × ẑ
1
dr + W (r), for r ∈ ,
(35)
Hz (r) =
4π 
|r − r |3
where W is a harmonic function due to currents on external lead wires and electrodes and u[σ ]
is the induced potential due to the injection current of I through a pair of surface electrodes
E + and E − attached on the boundary ∂:
⎧
∇ · (σ ∇u[σ ]) = 0 in 
⎪
⎪


⎪
⎪
∂u[σ ]
∂u[σ ]
⎪
⎪
ds = −
ds
σ
σ
⎨I =
∂n
∂n
E+
E−
(36)
⎪
∇u[σ ] × n = 0 on E − ∪ E +
⎪
⎪
⎪
⎪
⎪
⎩σ ∂u[σ ] = 0 on ∂ \ E + ∪ E − .
∂n
For the conductivity image reconstruction using Hz , we use (12) and ignore the effect of ε:
∇σ (r)
∇ 2 Hz (r) = (ẑ × (σ ∇u[σ ](r)) ·
for r ∈ .
(37)
σ (r)
14

Inverse Problems 28 (2012) 084002

J K Seo et al

We first need to check whether the knowledge of Hz in (37) and g in (36) are sufficient to
determine σ . Unfortunately, these data are insufficient to determine σ uniquely. To be precise,
¯ := {η ∈ C1 ()
¯ : η > 0} and let
let σ ∈ C+1 ()


Aσ := σ̃ ∈ C+1 () : σ̃ ∇u[σ̃ ] = σ ∇u[σ ] in  .
The following observations explain why there are infinitely many elements in Aσ :
(38)
ασ ∈ Aσ for any α > 0,
σ
∈ Aσ for any increasing function φ : R → R.
(39)
φ (u[σ ])
The above scaling uncertainty in (38) and refraction uncertainty in (39), respectively, come
σ
∇φ(u[σ ]). We should note that all
from σ ∇u[σ ] = (ασ )∇(αu[σ ]) and σ ∇u[σ ] = φ (u[σ
])
elements in Aσ satisfy (37) and produce the same current density J = −σ ∇u[σ ]. This is why
(37) alone is insufficient for a unique determination of σ .
To achieve the uniqueness, we inject two linearly independent currents through two pairs
of surface electrodes E1± and E2± as shown in figure 2(b). Then, the induced potentials u1 [σ ]
and u2 [σ ] satisfy
ẑ · (∇u1 [σ ](r) × ∇u2 [σ ](r)) = 0 for

r ∈ .

(40)

It is easy to obtain the above condition (except in a very extreme case) by attaching the
surface electrodes E1± and E2± properly. However, we still do not have a rigorous theory for the
issue related to (40) in a three-dimensional domain. Although there are some two-dimensional
results based on the geometric index theory [3, 8], this issue in three dimensions is wide open.
We measure two linearly independent data Hz,1 and Hz,2 corresponding to u1 [σ ] and u2 [σ ],
respectively. These two data Hz,1 and Hz,2 will prevent the refraction uncertainty (39) under
the assumption that (40) holds. To eliminate the scaling uncertainty (38), we need to measure
±
. With these
the voltage difference u1 [σ ] between the electrodes E2+ and E2− , denoted by V12
±
data of Hz,1 , Hz,2 and V12 , we can formulate the corresponding inverse problem of MREIT. We
define the map  : C+1 () → H 1 () × H 1 () × R given by
⎞
⎛

1
r − r , σ ∇u1 [σ ](r ) × ẑ
dr
⎟
⎜ 4π
|r − r |3

⎟
⎜
⎟
⎜ 1  r − r , σ ∇u [σ ](r ) × ẑ
(41)
[σ ](r) = ⎜
2
⎟ , r ∈ .
dr
⎟
⎜
|r − r |3
⎠
⎝ 4π 
u1 [σ ]|E2+ − u1 [σ ]|E2−
The inverse problem is to reconstruct σ such that


±
[σ ](r) = Hz,1 (r) − W1 (r), Hz,2 (r) − W2 (r), V12
E1±

(∀r ∈ ),

(42)

E2± ,

where W1 and W2 are the lead wire effects from the pairs
and
respectively. It would
be desirable to eliminate W j since they are not effected by the conductivity distribution
and accurate computation of them is difficult. Fortunately, W j can be eliminated by taking
advantage of ∇ 2W j = 0 in , and therefore, ∇ 2  j [σ ], j = 1, 2, is a measurable quantity. The
corresponding inverse problem is to recover σ from knowledge of ∇ 2 1 [σ ], ∇ 2 2 [σ ], 3 [σ ]
that satisfy the following:
⎡
⎤
⎡
⎤
∂ ln σ
∂u1 [σ ]
∂u1 [σ ]
(r)
−σ
(r) σ
(r) 0 ⎢
⎥
⎤
⎡ 2
∂x
⎢
⎥⎢
⎥
∂y
∂x
∇ 1 [σ ](r)
⎢
⎢
⎥
⎥
∂
ln
σ
⎥⎢
⎥.
⎣∇ 2 2 [σ ](r)⎦ = ⎢
∂u2 [σ ]
∂u2 [σ ]
(r)
(43)
⎢
⎢−σ
⎥
⎥
(r) σ
(r) 0⎦ ⎢
∂y
⎥
⎣

3 [σ ]
∂y
∂x
⎣
⎦
σ ∇u1 · ∇u2
0
0
1
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Let s denote the two-dimensional slice cut of  by the xy-plane {z = s}. Under the assumption
of (40), the identity (43) provides the following two-dimensional Poisson’s equation [72, 76]:
⎞
⎛⎡
⎤
∂u1 [σ ] −1
∂u1 [σ ]
$ 2
%
σ
−σ
⎜⎢
∇ Hz,1 ⎟
∂y
∂x ⎥
2
⎟,
⎢
⎥
(44)
∇x,y
ln σ = ∇x,y · ⎜
⎝⎣
∂u2 [σ ] ⎦
∂u2 [σ ]
∇ 2 Hz,2 ⎠
σ
−σ
∂y
∂x
∂ ∂
where ∇x,y = ∂x , ∂y is the two-dimensional gradient. This representation formula is an
implicit form due to the nonlinear relationship between the conductivity and the measured
data but it was designed to use the fixed point theory. This means that the formula has the
contraction mapping property so that we can use the iteration method.
In the special case where all quantities including σ and J do not change in the z-direction,
equation (44) can be simplified as follows [75]:
⎞
⎛⎡
⎤
∂ϕ1 ∂ϕ1 −1
$ 2
%
⎜⎢ ∂x
∇ Hz,1 ⎟
∂y ⎥
2
⎟,
⎢
⎥
(45)
ln σ = ∇x,y · ⎜
∇x,y
⎝⎣ ∂ϕ2 ∂ϕ2 ⎦
∇ 2 Hz,2 ⎠
∂x
∂y
2
where ϕ j satisfies Poisson’s equations ∇x,y
ϕ j = β∇ 2 Hz, j for some constant β. This provides
an exact formula for σ in terms of Hz,1 and Hz,2 .
The method of (44), called the harmonic Bz algorithm, was developed by Seo et al [72].
Since then imaging techniques in MREIT have advanced rapidly and now reached the stage
of in vivo animal and human experiments [10, 65, 28, 55, 45, 90, 75, 76]. Various numerical
simulations show that a true conductivity is approximately achieved with a homogeneous
initial guess in the standard iterative method using (44). However, rigorous mathematical
theories regarding its convergence behavior have not yet been proven [52].

4.3. Admittivity image reconstruction using the B1 map at the Larmor frequency
Using the B1 mapping technique, we can get the positively rotating field H + . Admittivity
image reconstruction at the Larmor frequency is then based on equation (13) as
∇κ (r)
1
− iωμ0 κ (r)H + (r).
−∇ 2 H + (r) = ((x̂ + iŷ) × ∇ × H(r)) ·
2
κ (r)
Assuming ∇κ
≈ 0 locally, Wen [88] neglected the first term on the right-hand side of the
κ
above identity to obtain
i ∇ 2 H + (r)
.
(46)
ωμ0 H + (r)
Katscher et al [42] performed corresponding numerical simulations and initial experiments
using a standard clinical MRI scanner to determine the electric conductivity and the local
SAR.
Numerical experiments showed that the algorithm (46) accurately recovers conductivity
values within locally homogeneous regions, while serious reconstruction errors occur where
the conductivity changes. A rigorous analysis [74] showed that the reconstruction error using
(46) can be expressed as
'−1
&
∂
H−
H + ∂z
i ∇ 2H +
i ∇ 2H +
∇ 2H −
κ−
=
−
.
(47)
1− − ∂ +
ωμ0 H +
ωμ0 H +
iωμ0 H −
H ∂z H
κ (r) =

16

Inverse Problems 28 (2012) 084002

J K Seo et al

Figure 7. Sagittal view of the model designed for the H field simulation.

Figure 8. Simulated H + field inside the smallest object. Both the H + field magnitude and phase
are shown at different operating frequencies.

It seems that the term ∇κ
× (∇ × H) in (11) should be utilized to deal with a general
κ
inhomogeneous admittivity distribution properly. One may use equation (11) by choosing F
carefully. Special choices of F = ∇ × H [60] and H⊥ := (−Hy , Hx , 0) [74], respectively,
provide the exact expressions:
∇ 2 H · (∇ × H)
∇κ
κ=
(48)
and GH ·
= −(∇ 2 H) · H⊥
iωμ0 H · (∇ × H)
κ
where GH := (∇ × H) × H⊥ . Since the negative rotating magnetic field H − is not available
at present, we need a careful interpretation on expression (48) including the relation among
H + , H − and κ. Experiments reveal that the first formula [60] in (48) is weak against noise
when the quantity of H · (∇ × H) is small. But, if H · (∇ × H) = 0 and |H − |  |H + |, the first
formula of (48) provides a direct reconstruction. The second formula [74] in (48) provides the
directional change of κ. We suggest combining (46) with (48) appropriately.
As mentioned in section 2.3, the numerical accuracy of ∇ 2 H within the imaging object
is influenced by the wavelength of H. We now show the spatial patterns of the H field under
different operating frequencies. This is intended to provide a guideline for the spatial resolution
limitation that can exist using the reconstruction formula of (8). Using the FDTD simulation
software (REMCOM XFDTD version 7.1), a model was constructed and H field simulations
were performed for various RF frequencies. Three objects with 0.5 S m−1 conductivity were
placed in a background material with the conductivity of 1 S m−1 (figure 7). The thickness was
17
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Figure 9. Estimated wave numbers |k| in equation (8). The line plots correspond to the dotted lines
shown in figure 7.
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Figure 10. Comparison of the first and second terms on the right-hand side of (4) as a function of
frequency.

set to be 10 mm and the total size of the model was 14×14×6 cm3 . The size of the three boxes
were 12.8 × 12.8, 6.4 × 6.4 and 1.8 × 1.8 cm2 each. Simulations were performed assuming
a main magnetic field strength of 0.5, 1.5, 3 and 7 T. The corresponding proton resonance
frequencies are approximately 21, 64, 128 and 300 MHz, respectively. These values were set
since conventional proton MRI systems are normally constructed at these field strengths. The
relative permittivity value was 80. From the simulations, we calculated the complex wave
numbers according to (8) and obtained the wave patterns for each operating frequency.
Figure 8 shows the H field magnitude and phase patterns obtained inside the smallest
object. We can see that only a fraction of the total wavelength is visible and this limits the
usage of (8). As the field strength increases, the wavelength become shorter and a larger
fraction of the wavelength can be observed within the smallest object. At low frequencies, the
situation will become more severe as noise is added to the data. Even for the case of noiseless
data, it seems that there exists a limitation in the achievable spatial resolution using (8).
Figure 9 shows the reconstructed wave numbers for the three different objects with
different sizes under varying operating frequencies. The numerical stability is increased as the
frequency increases. Note that at the boundaries of the objects, the wave number calculation
fails because we are neglecting ∇κ/κ part. Although practical measurements with noise will
deteriorate the wave number estimates, the simulation suggests that a high-field system is
preferable to accurately estimate the wave numbers and improve the spatial resolution.
We need to take into account the wave pattern behavior in local regions of inhomogeneous
admittivity values for the full reconstruction of the inhomogeneous admittivity distribution. To
do so, we need to consider the influence of both terms on the right-hand side of (4). The term
of ∇κ/κ becomes negligible only for a homogeneous region. In figure 10, we quantified these
19
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(a)

(b)

(c)

(d)

(e)

(f)

(g)
Figure 11. Examples of reconstructed conductivity images in MREIT from postmortem animals
and in vivo animals, and human subjects. In each case, we compare MR magnitude images marked
as MR with conductivity images marked as σ . (a) Postmortem canine head with 1.4 mm pixel size.
(b) Postmortem canine chest with 1.8 mm pixel size. (c) Postmortem canine abdomen with 2.2 mm
pixel size. (d) In vivo canine pelvis with 1.7 mm pixel size. (e) In vivo human calf with 1.4 mm
pixel size. (f) In vivo human knee with 2.4 mm pixel size. (g) Multi-slice images of a postmortem
canine head with 1.4 mm pixel size.

two terms on the right-hand side of (4). We can see that regardless of the main field strength,
the term with ∇κ/κ will play a significant role in capturing all the admittivity information.
The development of an improved algorithm to deal with both terms is demanded.
5. Examples of imaging experiments
Since there are published review papers on MREIT [90, 76], in this section, we briefly
introduce typical images from our previous experimental MREIT studies. Figure 11 illustrates
reconstructed conductivity images of postmortem animals and in vivo animals, and human
subjects. The amounts of injected current varied from 3 to about 30 mA. In all cases, imaging
experiments were conducted using a 3 T MRI scanner with two current injections along
the horizontal and vertical directions. We can clearly see that conductivity images provide
new contrast information that is not available from conventional MR images. In figure 11(g),
we plotted multi-slice conductivity images in pseudo-color to demonstrate that MREIT can
perform three-dimensional conductivity imaging.
Various numerical simulation results and experimental studies using conductivity
phantoms with known conductivity values demonstrated the validity of reconstructed
conductivity images [90]. Since some biological tissues exhibit anisotropy especially at
low frequencies, the reconstructed conductivity images in figure 11 must be interpreted as
20
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Figure 12. Examples of reconstructed conductivity images in MREIT and MREPT from the
same conductivity phantom. (a) MR magnitude image of the conductivity phantom. (b) MREIT
conductivity of the phantom where two agar objects were wrapped with thin insulating films. (c)
MREIT conductivity image of the phantom where two agar objects were not wrapped by the films.
(d) MREPT conductivity image corresponding to the case of (b). (e) MREPT conductivity image
corresponding to the case of (c).

equivalent isotropic conductivity images with contrast information only. We refer to a recently
published paper by Oh et al [66] suggesting new experimental methods to understand contrast
information embedded in reconstructed conductivity images. Validations of conductivity
images from intact animals or human subjects are especially technically challenging since
there no alternative method to measure conductivity values of biological tissues in their
intact and wet states. Note that accurate measurements of tissue conductivity values using
a conductivity meter require the extraction of tissue samples from the body and this alters
conductivity values. We therefore believe that numerous experimental studies of different
animal models are needed to correctly interpret reconstructed conductivity images.
Compared with MREIT, there are relatively few experimental results in MREPT though
we expect more in the near future. In figure 12, we present our preliminary results from
a conductivity phantom experiment. To show how MREIT and MREPT produce different
conductivity images at dc and the Larmor frequency of 128 MHz, respectively, we conducted
both MREIT and MREPT imaging experiments using the same conductivity phantoms, which
show the same MR magnitude image in figure 12(a). We prepared two kinds of cylindrical
agarose gel objects with 1.14 and 2.79 S m−1 conductivity values. We wrapped these agarose
gel objects with thin insulating films and placed them inside the first phantom. In the second
phantom with the same size, we placed the agarose gel objects without using the thin plastic
wrap. We filled the backgrounds of both phantoms with a saline of 0.12 S m−1 conductivity.
The wrapped agarose objects appeared as insulators in the MREIT image in figure 12(b)
since the injected low-frequency current cannot penetrate the plastic films. The same wrapped
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agarose objects showed their conductivity values in the MREPT image in figure 12(d) since the
thin films are transparent to the electromagnetic wave at the Larmor frequency of 128 MHz.
Unwrapped agarose objects showed their conductivity values in both MREIT and MREPT
images in figures 12(c) and (e), respectively.
6. Discussion and conclusion
Electrical tissue property imaging methods using MRI, such as MREIT and MREPT, can
produce conductivity and permittivity images with a pixel size of a few millimeter. The contrast
information from these novel imaging modalities is unique since there is currently no other
method to reconstruct high-resolution conductivity and permittivity images. MREIT aims to
provides conductivity images at dc or frequencies below a few kHz, whereas MREPT produces
both conductivity and permittivity images, e.g., at the Larmor frequency of 128 MHz at 3 T.
MREIT relies on the measured magnetic field data at low frequencies which are influenced by
the low-frequency conductivity distribution, whereas MREPT relies on the acquired B1 maps
that are influenced by both the conductivity and the permittivity distributions at the Larmor
frequency.
Due to the frequency-dependent behavior of admittivity values of biological tissues,
MREIT and MREPT are supplementary to each other providing different images of the same
object in terms of its low- and high-frequency conductivity distributions, respectively. We note
that an MREIT experiment may include steps needed to obtain B1 maps simultaneously. We
therefore suggest developing a method to perform MREIT and MREPT together by properly
manipulating acquired k-space MR data.
In MREIT, we reconstruct low-frequency conductivity images from induced magnetic
field maps subject to externally injected currents. Positive and negative currents with the same
amplitude are injected and the magnetic field maps are obtained from the phase difference
of the two acquisitions. For MREPT, both magnitude and phase information of B1 maps
are used to produce high-frequency conductivity images. Conductivity is mainly influenced
by the phase, while permittivity is mostly dominated by the magnitude of a B1 map. At
present, there exist distinct differences between MREIT and MREPT in the use of the term
∇ log(σ +iωε)×∇ ×H. In terms of their imaging capabilities at present, MREIT successfully
, whereas MREPT has a difficulty in dealing with an inhomogeneous
probes the contrast ∇σ
σ
admittivity distribution especially along edges. On the other hand, MREPT is advantageous
over MREIT in recovering an absolute value of κ inside a locally homogeneous region. The
implementation of MREPT on a clinical MRI scanner is easier since it does not require any
additional instrument, while MREIT requires attachments of surface electrodes and a constant
current source.
In this paper, we described the basic principles of these MR-based admittivity imaging
methods in a unified way. Since it is critical to properly analyze how the admittivity influences
measurable magnetic field data, we derived explicit expressions between the admittivity and
the measurable quantities using an MRI scanner. We emphasize that analyzing the data of
measurable magnetic fields Hz and H + in terms of the admittivity κ is complicated since the
data are highly nonlinear functions of κ associated with Maxwell’s equations and MR physics.
To gain further insights into the structures of these data as the functions of κ, we also need to
take experimental approaches by performing a series of numerical simulations and phantom
imaging experiments.
Future studies for MREIT should overcome a few technical barriers to advance the method
to the stage of routine clinical use. The biggest hurdle at present is the amount of injection
current that may stimulate muscle and nerve. Reducing it down to a level that does not
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produce undesirable side effects is the key to the success of this new bio-imaging modality.
To advance MREPT further, we need to improve the quality of acquired B1 maps in terms
of both magnitude and phase and devise a way to properly handle the edges of admittivity
changes. Considering the rapid progresses in these relatively new imaging methods, we expect
that MREIT and MREPT will find clinically useful applications in the near future and provide
unique diagnostic information.
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[29] Hanke M and Brühl M 2003 Recent progress in electrical impedance tomography Inverse Problems 19 S65–90
[30] Hanke M, Harrach B and Hyvonen N 2011 Justification of point electrode models in electrical impedance
tomography Math. Models Methods Appl. Sci. 21 1395–413
[31] Harrach B, Seo J K and Woo E J 2010 Physical justification of the factorization method in frequency-difference
electrical impedance tomography IEEE Trans. Med. Imaging 29 1918–26
[32] Hasanov K F, Ma A W, Nachman A I and Joy M L G 2008 Current density impedance imaging IEEE Trans.
Med. Imaging 27 1301–9
[33] Henderson R P and Webster J G 1978 An impedance camera for spatially specific measurements of the thorax
IEEE Trans. Biomed. Eng. 25 250–4
[34] Holder D 2005 Electrical Impedance Tomography: Methods, History and Applications (Bristol: Institute of
Physics Publishing)
[35] Santosa F and Vogelius M 1990 A back-projection algorithm for electrical impedance imaging SIAM J. Appl.
Math. 50 216–43
[36] Hoult D I and Richards R E 1976 The signal-to-noise ratio of the nuclear magnetic resonance experiment
J. Magn. Reson. 24 71–85
[37] Hoult D I 2000 The principle of reciprocity in signal strength calculations: a mathematical guide Concepts
Magn. Reson. 12 173–87
[38] Isaacson D 1986 Distinguishability of conductivities by electric current computed tomography IEEE Trans.
Med. Imaging MI-5 91–5
[39] Isaacson D and Cheney M 1991 Effects of measurement precision and finite numbers of electrodes on linear
impedance imaging algorithms SIAM J. Appl. Math. 51 1705–173
[40] Joy M L, Scott G C and Henkelman R M 1989 In vivo detection of applied electric currents by magnetic
resonance imaging Magn. Reson. Imaging 7 89–94
[41] Joy M, Nachman A, Hasanov K, Yoon R S and Ma A W 2004 A new approach to current density impedance
imaging (CDII) Proc. ISMRM 2356 (Kyoto, Japan)
[42] Katscher U, Voigt T, Findeklee C, Vernickel P, Nehrke K and Dossel O 2009 Determination of electrical
conductivity and local SAR via B1 mapping IEEE Trans. Med. Imaging 28 1365–74
[43] Kenig C, Sjostrand J and Uhlmann G 2007 The Calderon problem with partial data Ann. Math. 165 567–91
[44] Khang H S, Lee B I, Oh S H, Woo E J, Lee S Y, Cho M H, Kwon O I, Yoon J R and Seo J K 2002 J-substitution
algorithm in magnetic resonance electrical impedance tomography (MREIT): phantom experiments for static
resistivity images IEEE Trans. Med. Imaging 21 695–702
[45] Kim H J, Kim Y T, Minhas A S, Jeong W C, Woo E J, Seo J K and Kwon O J 2009 In vivo high-resolution
conductivity imaging of the human leg using MREIT: the first human experiment IEEE Trans. Med.
Imaging 28 1681–7
[46] Korjenevsky A, Cherepenin V and Sapetsky S 2000 Magnetic induction tomography: experimental realization
Physiol. Meas. 21 89–94
[47] Kohn R and Vogelius M 1984 Determining conductivity by boundary measurements Commun. Pure Appl.
Math. 37 113–23
[48] Kwon O, Woo E J, Yoon J R and Seo J K 2002 Magnetic resonance electrical impedance tomography (MREIT):
simulation study of J-substitution algorithm IEEE Trans. Biomed. Eng. 49 160–7
[49] Kwon O, Seo J K and Yoon J R 2002 A real-time algorithm for the location search of discontinuous conductivities
with one measurement Commun. Pure Appl. Math. 55 1–29
[50] Lee J Y 2004 A reconstruction formula and uniqueness of conductivity in MREIT using two internal current
distributions Inverse Problems 20 847–58
[51] Lee E, Seo J K, Woo E J and Zhang T 2011 Mathematical framework for a new microscopic electrical impedance
tomography (micro-eIT) system Inverse Problems 27 055008

24

Inverse Problems 28 (2012) 084002

J K Seo et al

[52] Liu J, Seo J K and Woo E J 2010 A posteriori error estimate and convergence analysis for conductivity image
reconstruction in MREIT SIAM J. Appl. Math. 70 2883–903
[53] Meier T, Luepschen H, Karsten J, Leibecke T, Großherr M, Gehring H and Leonhardt S 2008 Assessment of
regional lung recruitment and derecruitment during a PEEP trial based on electrical impedance tomography
Intensive Care Med. 34 543–50
[54] Metherall P, Barber D C, Smallwood R H and Brown B H 1996 Three-dimensional electrical impedance
tomography Nature 380 509–12
[55] Minhas A S, Jeong W C, Kim Y T, Kim H J, Lee T H and Woo E J 2008 MREIT of postmortem swine legs
using carbon-hydrogel electrodes J. Biomed. Eng. Reson. 29 436–42
[56] van de Moortele P F, Akgun C, Adriany G, Moeller S, Ritter J, Collins C M, Smith M B, Vaughan J T
and Ugurbil K 2005 B(1) destructive interferences and spatial phase patterns at 7 T with a head transceiver
array coil Magn. Reson. Med. 54 1503–18
[57] Mueller J, Siltanen S and Isaacson D 2002 A direct reconstruction algorithm for electrical impedance tomography
IEEE Trans. Med. Imaging 21 555–9
[58] Nachman A 1996 Global uniqueness for a two-dimensional inverse boundary problem Ann. Math. 143 71–96
[59] Nachman A 1988 Reconstructions from boundary measurements Ann. Math. 128 531–76
[60] Nachman A, Wang D, Ma W and Joy M 2007 A local formula for inhomogeneous complex conductivity
as a function of the RF magnetic field ISMRM 15th Scientific Meeting and Exhibition (Berlin: ISMRM)
http://www.ismrm.org/07/Unsolved.htm
[61] Nachman A, Tamasan A and Timonov A 2007 Conductivity imaging with a single measurement of boundary
and interior data Inverse Problems 23 2551–63
[62] Nachman A, Tamasan A and Timonov A 2009 Recovering the conductivity from a single measurement of
interior data Inverse Problems 25 035014
[63] Nachman A, Tamasan A and Timonov A 2010 Reconstruction of planar conductivities in subdomains from
incomplete data SIAM J. Appl. Math. 70 3342–62
[64] Park C, Lee B I, Kwon O and Woo E J 2006 Measurement of induced magnetic flux density using injection
current nonlinear encoding (ICNE) in MREIT Physiol. Meas. 28 117–27
[65] Oh S H, Lee B I, Woo E J, Lee S Y, Kim T S, Kwon O and Seo J K 2005 Electrical conductivity images of
biological tissue phantoms in MREIT Physiol. Meas. 26 S279–88
[66] Oh T I, Kim Y T, Minha A, Seo J K, Kwon O I and Woo E J 2011 Ion mobility imaging and contrast mechanism
of apparent conductivity in MREIT Phys. Med. Biol. 56 2265–77
[67] Putensen C, Wrigge H and Zinserling J 2007 Electrical impedance tomography guided ventilation therapy
Current Opin. Crit. Care 13 344
[68] Rahman A R A, Register J, Vuppala G and Bhansali S 2008 Cell culture monitoring by impedance mapping
using a multi-electrode scanning impedance spectroscopy system (CellMap) Physiol. Meas. 29 227–39
[69] Scott G C, Joy M L G, Armstrong R L and Henkelman R M 1991 Measurement of nonuniform current density
by magnetic resonance IEEE Trans. Med. Imaging 10 362–74
[70] Scott G C, Joy M L G, Armstrong R L and Henkelman R M 1992 Sensitivity of magnetic-resonance current
density imaging J. Magn. Reson. 97 235–54
[71] Scott G C 1993 NMR imaging of current density and magnetic fields PhD Thesis University of Toronto, Toronto,
ON, Canada
[72] Seo J K, Yoon J R, Woo E J and Kwon O 2003 Reconstruction of conductivity and current density images using
only one component of magnetic field measurements IEEE Trans. Biomed. Eng. 50 1121–4
[73] Seo J K, Lee J, Kim S W, Zribi H and Woo E J 2008 Frequency-difference electrical impedance tomography
(fdEIT): algorithm development and feasibility study Physiol. Meas. 29 929–44
[74] Seo J K, Ghim M, Lee J, Choi N, Woo E J, Kim H J, Kwon O I and Kim D 2012 Error analysis for electrical
property imaging using MREPT IEEE Trans. Med. Imaging 31 430–7
[75] Seo J K, Jeon K, Lee C O and Woo E J 2011 Non-iterative harmonic Bz algorithm in MREIT Inverse
Problems 27 085003
[76] Seo J K and Woo E J 2011 Magnetic resonance electrical impedance tomography (MREIT) SIAM Rev.
53 40–68
[77] Scharfetter H, Lackner H K and Rosell J 2001 Magnetic induction tomography: hardware for multi-frequency
measurements in biological tissues Physiol. Meas. 22 131–46
[78] Somersalo E, Cheney M and Isaacson D 1992 Existence and uniqueness for electrode models for electric current
computed tomography SIAM J. Appl. Math. 52 1023–40
[79] Somersalo E, Cheney M, Isaacson D and Isaacson E 1991 Layer stripping: a direct numerical method for
impedance imaging Inverse Problems 7 899–926
[80] Stollberger R and Wach P 1996 Imaging of the active B1 field in vivo Magn. Reson. Med. 35 246–51

25

Inverse Problems 28 (2012) 084002

J K Seo et al

[81] Sylvester J and Uhlmann G 1986 A uniqueness theorem for an inverse boundary value problem in electrical
prospection Commun. Pure Appl. Math. 39 92–112
[82] Sylvester J and Uhlmann G 1987 A global uniqueness theorem for an inverse boundary value problem Ann.
Math. 125 153–69
[83] Sylvester J and Uhlmann G 1988 Inverse boundary value problems at the boundary-continuous dependence
Commun. Pure Appl. Math. 21 197–221
[84] Thomas S R and Dixon R L 1986 NMR in Medicine (New York: American Institute of Physics) pp 549–63
[85] Uhlmann G 2009 Electrical impedance tomography and Calderon’s problem Inverse Problems 25 123011
[86] Vauhkonen P J, Vauhkonen M, Savolainen T and Kaipio J P 1999 Three-dimensional electrical impedance
tomography based on the complete electrode model IEEE Trans. Biomed. Eng. 46 1150–60
[87] Wang J, Qiu M, Yang Q X, Smith M B and Constable R T 2005 Measurement and correction of transmitter and
receiver induced nonuniformities in vivo Magn. Reson. Med. 53 408–17
[88] Wen H 2003 Noninvasive quantitative mapping of conductivity and dielectric distributions using RF wave
propagation effects in high-field MRI Proc. SPIE 5030 471–7
[89] Woo E J, Lee S Y and Mun C W 1994 Impedance tomography using internal current density distribution
measured by nuclear magnetic resonance Proc. SPIE 2299 377–85
[90] Woo E J and Seo J K 2008 Magnetic resonance electrical impedance tomography (MREIT) for high-resolution
conductivity imaging Physiol. Meas. 29 R1–26
[91] Zhang N 1992 Electrical impedance tomography based on current density imaging MS Thesis Department of
Electrical Engineering, University of Toronto, Toronto, Canada
[92] Zolgharni M, Ledger P D, Armitage D W, Holder D S and Griffiths H 2009 Imaging cerebral haemorrhage with
magnetic induction tomography: numerical modeling Physiol. Meas. 30 S187–200
[93] Zolgharni M, Ledger P D and Griffiths H 2009 Forward modeling of magnetic induction tomography: a
sensitivity study for detecting haemorrhagic cerebral stroke Med. Biol. Eng. Comput. 47 1301–13

26

