9. Maxwell's Equations



* Stationary Charge - Electrostatic Fields



* Time-Varying Current - Electromagnetic Fields (or Waves)

(a) sinusoidal (b) rectangular

(b) triangular

Fig 9.1 Various type of time-varying current



Magnetic Flux: { = [[ B - dS




9.2 Faraday’s Law

Faraday’s law states that the induced emf (electromotive force), Vo, ¢ [VOIL], In
any closed circuit is equal to the time rate of change of the magnetic flux

linkage by the circuit.
/ 1 |

RN

dA ds

Vemst = _a = _NE (9-1)

“-sign” is from Lenz’s Law & diamagnetic.




From Fig. 9.2 (Ef : emf-produced field, Ee : electrostaic field)

E= f-l—Ee (92)
§ E-dL=§ E; 'dI:-I—O:jEI E;-dL  (9.3a) (through battery)
Vemt =[i Ef-dL=-[, E¢-dL=IR (9.3b)

« E. cannot maintain a steady current in a closed circuit
« Ef IS nonconservative

- if’ =

ET | R
Fig 9.2 Circuit showing emf-

‘ E. . )
N 'L < / producmg.flel.d E+ and

electrostatic field Ee.
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() V-E= ddE—LL =0= (E is conservative)

(ex) V-v=0 * =3 FO/tEE



9.3 Transformer and Motional EMFs (EMF=electromotive force)

dy
Vomf == —- 9.4
emf dt ( )
B o« 0O 5 4=
Vet =§, E-dL=[[{VxE- dS——Hga— dS=-2 JlsB-dS

——tjs B-dS  (9.5)

A. Stationary Loop in Time-Varying B Field (Transformer emf)

- oB
Vet =§, E-dL=][g S .dS (9.6

jjS(VXE)-dQ:—HSg-dé 9.7)

vxE-_B 9.9)
ot
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Fig 9.3 Induced emf due to a stationary
loop in a time varying B field.
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B. Moving Loop in Static B Field (Motional emf)

—_—

= QuxB=IltuxB=1/xB (8.2)

Em=51=UXB (9.9)
Q

Vemt =§ Em-dL=¢ (@xB)-dL  (9.10)

(F,, = 1/xB (9.11)

F,= /B (9.12)

 Vemf =UB/ (9.13)

VxEq,=Vx(UxB) (9.14)
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Fig 9.5 Induced emf due to a moving loop
in a static B field.
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A. Stationary Loop in Time-Varying B Field (Transformer emf)

- B -
Vemt =f E-dL==], ©-dS  (9.6)

ot
B

(ls(VxE)-d8=—J > -dS (9.7)

vxE=-‘Z—'t3 (9.8)

C. Moving Loop in Time-Varying Field

Vet =, E-dL == s> -dS +f, (4xB)-dL (9.19

VXE:—%+V><(U><I§)

(9.16)
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Eulerian Description
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O3 2.80M u, v, we= EHE x,y, z W2Fo| £ 0|
A ZHO] tO| M t+dt= X|LE7F YRS 0] AO A BE Of
SUS M Yol £ HolE dHet 7+ otrt,
Euler DescriptionOfl 2|7{ Taylor SeriesO| 2|5l dH=
B Al (2.45)0F 20| LIERE 4= QALY
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rot

©)
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d/0t = 0 2 S Steady State2t St 9/at = 0 O|H
Transient State2fd SHC},
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a2 210 HAZR7ISE vE 0|5,

(2.47)

—_

N

$E’ - dL

F=[[B-nds

oF

= —k—
¢ ot
where @



-
-

< Vx(BxV)=V-VB—B-Vv+BV-v—vV-

ndS

+V-\7§>-ﬁds

0B - =) L
=jj<E+VX(BXV)+V(V'B)>'HC15

=ﬂ%
-5

ﬁdS+jfl7><(§><V)-ﬁdS

nds + f(ﬁ x v)dL

(2.49)

HEE A (2.49)0] 2|50 2™ Al (2.47)2 E2|oH Cf

o —
Sah ot
Vx(E’—VxB)+—t=O (2.50)

= O
Zb AEXA I 2 ESHE S| A2 2010 otih=
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OFOF S}, HH Al (2.48)QF (2.50)2 ZC} E” = E&t
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b

FE”-dL = [[V x E" - 0dS
_J0 ﬂﬁ nds
ot "

B

_ d
VXE"+—=0 2.51
X + ot ( )

CtS1f 20| Faraday 2 A10| R = = ALt
_ 0B

VXE+—=0 2.52
X +at ( )
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£ 11 Vector identity

V-(pu) =@V -u+u-Ve

VX (pu) =@V xu+Vexu
V-(uxv)=v-(FTxu) —u-(Vxv)
V'x(xv)=v-Vu—u-Vv+v-Vu—v-Vu
Vlu-v)=u-Vv+v-Vu+ux (Vxv)+vx(Vxu)
7 x (Vo) =0

V- (Vxd) =0

Vx(Vxu)=VWV-u-"V2u

V-V xVepy) =0

ax(bxc)=@-Ob—(b-3)
(GxDb)-(cxd)=@G-®-(b-d)—(E-d)-(b-7)
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Ol | 9.1 12l 9.62| Circuittl] === TS ALtstet,

(@) 2 CH7F y=8 cmOi| L1 B = 4cos(10°t) a, me/m
(b) HCh7F == u =20a, m/sec & 0|55t B = 42, mWb/m?
(c) U7t == u =20a, m/sec & 0|55} B = 4cos(10°t — y) a, mWb/m?

P
y
= FH—>
R © 0| |[®@F ©
(9.15) Vemf_— j;L E ;l—dg @ S 1 L=6cm
—“svx ' ® ® O) O,
__”S 5 45+, (xB)-dL o
X Q

Fig 9.6 For example 9.1.
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O &l 9.1 12! 9.62| Circuitd] SEE|= MYS AHASEEL

(@) UCH7F y=8 emOf| Y11 B = 4cos(10°t) 3, mWb,/m?

(9.15) Vg = —j%-déﬂa(m B).dL

B P
B RS
ot LY
0.08;0.06 : B
= [0l 20 0-004 x10° sin(10° t)dxdy ® — ® OO
1 o L=6cm
. 40003in(106t) x (0.08x 0.06) ' ;
T ® ® O] ®
=19.2sin(10"t) volt -V
X Q
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o M 9.1 12! 9.69| Circuitd]] SE&|= M2
(b) 2FCHZF =

T u=203a, m/sec £ 0|55t B=42a, mWb/m?

(9.15) Vot = js dS+§L(u><B) dL

P

0 ) ) ) — | —
= ng(uay x Ba,)-dxay ® ® ®B ®
- gze(UB)ax -a,dx @ —> u ~=oem

; ©—® ® ®
= |, (UB)dx Y
=—-uB/=-20x0.004x0.06 X
=-4.8 mV ¢
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Of &l 9.1 12! 9.62| Circuitd] SE&|l= MYS AHASEEL

~N

=
FEH 1

0.

CH7t £= u =203, m/sec & O|E311 B = 4cos(10%t — y) a, mWb,/m?

(9.15) Vs = js dS+§L(u><B) .dL

= (09 [%(0.004)(L0%)sin(L05¢ — y")dy'dx

+ jo_oe[zoay x (0.004) cos(10°t — y)a,]-a,dx @6@
L

= [0 [¥(0.004)(10°)sin(10%t - y")dy'dx

+ [0 4[(20)(0.004) cos(10°t — y)Ja - @y dx

= 240c0s(10%t —y)  —(0.08)(0.06)cos(10%t — y)

= 240c0s(10°t — y) — 240cos(10°t) - 0.0048cos(10%t — )

~ 240 cos(106t —y)—240 cos(106t) volt

L=6cm
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Ol 9.1 18 9.62 Circuitlf| 7 =K

rr
>
o

~N

c) Uh7t £ &= d =202, m/secE O[St B = 4cos(10°t — y) a3, mWb/m?

HiH 2
Y= JSB .dS
0.06 ' '
— yyzo o oAcos(10°t - y)dxdy y
— _4(0.06)sin(10%t —y)| ©—® |®B ®
y=0 @ S L=6cm
= —0.24sin(10%t — y) + 0.24sin(10°t) mWhb ® ® ® ®
(y = ut = 20t) e
= —0.24sin(10%t — 20t) + 0.24sin(10°t) mWb X
8(0.001)ys
Vot = —
emf ot

= 0.24(0.001)(10° — 20)cos(10°t — 20t) —0.24(0.001)(10° — 20)cos(10°t)

~ 240 cos(106t —y)—240 cos(106t) volt
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ofxl 9.2 12 970 Xt7|E B = 50a, mWb/m?2 L0l loopZt X $tLCt.
loop”t 50 HzZ 2| M5t Ap=51F 2w SHH t=0 Of| A yz HHO|| QUL

(@) t=1 msecO| M 2| 7| =

(b) t=3 msecOA] X20] 01 QY I = MF

Figure 9.7 For example 9.2; polarity
is for increasing emf.
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ofxl 9.2 12 970 Xt7|% B = 50 a, mWb/m?2 L0 loopZt =X} $tCt.
loop”t 50 HzZ 2|5t Rp=51F 2w SHH t=0 Of| A yz HHO|| QUL
(@) t=1 msecH|AQ] 7| =

OB o .
(9.15) Vems :—jsa-dSﬂlL(UxB)-dL=§L(u><B)-dL z

Line DColl A A

dL = dL pc = dza, —

o9t pd0y oo i

dt  dt ¢ PU% .
o = 2nf =100x [radian/sec] L//
B =Bpay =Bg(cos¢a, —sin¢a,) ¢ ‘1//
a, a, 4,
oxB=| 0 po 0 |=—pwoBycosa,
Bocosd —Bgsing 0 Vemf = —6mC0s$ mV

Vemf :jzo':%3(—meO cos¢a,)-dza, ¢=ot+n/2
_0.03 ¢t=0.001 =n/10+m/2

(—pwBgcosddz)

~Jz=0 cos(n/10+ t/2) = —sin(n/10)
=—0.04x1007t x50 x cos ¢ x 0.03 — 6rsin(r/10) mV
=—-6mcos¢ mV

=5.825 mV
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ay =Cosda, —sinday,

y
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ofx 9.2 12 970 Xt7|E B = 50 a, mWb/m? L0 loopZt =X stCt.
loopZt 50 Hz2 2| SHH X5 2 SHH t=0 Of| A yz HHO|| QULCH
(b) t=3 msecOA] X20] 01 QL I = MF

Vemf =—6mC0sS¢ MV
db=ot+m/2
dt—0003 =3n/10+ /2 <« ©=100%
cos(3n/10+ =/ 2) = —sin(3w/10)

= 67sin(37/10) mV

Ve 0.0067sin(3m/10)

== 01 =0.1525 A \\L/L((B/

B 40122
—7 o \
3em § R=0.1Q
N A C
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OlIF| 9.3 12! 9.80i|Af EFHE 10-3 m2, Turn N,=200%] Q! Coil0ll & i,=3sin(1007tt) A7}
SE W Np= 1oosz| ¢l Coildf| REEl= 7|HES FHotet.
IJH"'OI 22 =500y, O|C},

_ 9 Nll N]_ll},lS
v R Z/uS 21pPg

V, =N, ¥ - NaNouSdis _ NiNouS 506 0 6100m)
dt ZTCpo dt 27Cp0
100 x 200 x 500 x (47 x10~") x 0.001 x 3007 cos(L00xt)

2xmx0.1

= —67cos(100xt) volt

1,=3sin(100xt)

+—>

Fig 9.8 Magnetic circuit of
example 9.3.
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9.4 Displacement Current

VxH=1]
V- (VxH)=0=V-]

v.3=-Pv g
ot

V- (VxH)=0=V.-J+V.J4

ot

- oD, .
Jg :%—t: displacement current

v.jdz—v.jzaﬂzg(v.[‘))zv

(9.17)

oD

ot
(9.22b)

(9.23)
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VxH=1]
Jls(VxH=1)-dS
J[VxHA-dS=[.3-dS
fH-dL=[[cJ-dS

Fig 9.10 Two surfaces of integration
showing the need for J4 in Ampére’s circuit law.
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VXHZj-I-jd
[s(VxF=3+34)-dS

[|V x F-dS = [[s(3 + Jg) -dS
f A-dL = [[,(3 +Jq)-dS

flsJ4-dS, =0 i
Sl i
|_/L

Fig 9.10 Two surfaces of integration
showing the need for J4 in Ampere’'s circuit law.
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Ef MZXO0| 5 cm? )\f0| ZtZ0l 3 mm ¢ T
CI7ISIRAULE e=2¢,
%’-liTr (Displacement Current)& 71|M0} f

=50sin(1000t) =

rE rx JH
o
<

ol

O
=l |

I
—
'c'>'|-
=

)

CapacitorO|
il

D:gE:SX
d
_GD e oV
ot d@t
15 SV _ v
d ot ot
eS

=g 50000 cos(1000t)

-9
[ 2529 7 |, 90905 56000 cos1000t)
36m | 0.003

=147.4cos(1000t) nA
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9.5 Maxwell’'s Equation in Final Forms

Table 9.1 Generalized Forms of Maxwell’s Equations.

Differential form  Integral form

9,
H=B/p: Magnetic field
B: Magnetic flux
D =¢E : Electric flux density
E : Electric field

J: Current density
py - Volume charge density

V-D=p, f}sD-dS = [[[p,dxdydz Gauss Eq

V-B=0 f}sB-dS=0 Gauss Eq
_ 0B R I

VXE:_E §LE-dL:—aﬂSB-dS Faraday Eq
- oD = - D) ,a

_VXH:J+_t §|_H'd|-:”s(‘]+§j'ds Ampere Eq

1o —4nx10" H/m: Permeability (FFAF&)

g9 =107"/36n F/m=8.854x10"1% F/m
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Continuity 2784 9

”I(q_i'v'vrf +%'va :Ojdgv

1% v 0¥ = 9.t
& 6y 9, (=19 Ko
STV [ = 5 Jan

on

where n = [[[fd®v
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Ohm

2y A

mn/%\;Z —VM) +0E + q(y/B) —mnwv

36



(9.28)

(9.29)

(9.30a)

(9.30h)

(9.30¢)



Control Volume= O[&3}0| =2t 8 2.71F 20| dyQf dx £0|E 7HA| 12 &7} 1
20| 2X}& Control Volume= A 2HCL 2K 2 = Control Volume= A3
Of LIEFLY 7|7} £l 0 & E&S1H7| IH-Z 0| Lt O] Control VolumeO| '201 U[e==Ho A
SIUPN E= *”“E|71'—f A0 XX X =LA A 2 S8 E0{7H= =2 Y2 Flux2t 2

b= Flux®| Xt0| 2tF S 7tk =l Ct.

9P _ dxdy- 1
ot
= pudy - 1 +a )d dy
= pudy pu % X
d(pv)
+deX' 1-— pu+a—ydy dX' 1 (238)

2 8reo| 22 M2felo 0|2 sxEo R

(@
ChAl FE|orE B84 (2.39)2f 2L

IO

dp +f)(pu) +6(pV) d(pw)

2.
at 7):¢ dy 0z =0 (2.39)
ap .
a +V- (pV) =0 (240)

¢
W+ —(pv)dy
pv+—(pv)d

;

C
pu —» P pu+ — (pu)dx
ot ox

dy

)
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Eq; = Epy or (E;{—-E,)xdy,=0 (9.31a)
Hyi-Hyy =K or (H—-Hy)xdy,=K  (9.31b)
Din —Dgn=ps or  (Dy—Dj)-an2 =ps (9.31c)
By, —Byy =0 or (B{-By)-dy,=0 (9.31d)

For perfect conductor
E=0 H=0 J=0

t:O Bn:O ‘: |/I\
Et aI’]

M
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(a) compatibility equations

V-B=p"=0 (9.34)

_ OB -
VxE=-—=] 9.35
o om (9.35)

(b) constitutive equations

B= p,tl:l (9.36)
D=¢E (9.37)
(c) equilibrium equations
V-D=py (9.38)
VxI:I:jJr@—D (9.39)
ot

p™: Free magnetic density
pNEela=1]=

J... magnetic current density
A7 HRUE
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Vx Y  Svi%
o——w I
- o vy A—V

(b) (c)

Figure 9.11 electromagnetic flow diagrams showing the relationship between the

potentials and vector fields: (a) electrostatic system, (b) magnetostatic system, (c)
electromagnetic system. [adapted with permission from the publishing department of the
institution of electrical engineers.] 41



9.6 TIME-VARYING POTENTIALS

«V-B=0
erEz—@
ot
<—VXE:8§
L ot
<—Vx§:88—E+
ol ot
B OE

(9.42)

(9.45)

(9.50)

J (9.51)

—Vx—=g—+J (9.52)

ol ot
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ZF11: Vector identity

V-(pu) =@V -u+u-Ve

VX (pu)=¢Vxu+Vexu
V-(uxv)=v-(Vxu) —u-(VxVv)
V'x(xv)=v-Vu—u-Vv+v-Vu—v-Vu
Vla-v)=u-"v+v-Fu+ux (Vxv)+vx((Vxu)
7 x (V) =0

V-(Wxu)=0

Vx (Vxu=VV-u) -V

V-V XVez) =0

ax(bx¢)=@@-0)a—(b-3)c
(axb)x (exd)=@G-0-(b-d)—(3-d)-(b-0)
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9.7 Time-Harmonic Fields

Z=X+]y=rs} (9.57)
z=rel® = r(cos¢ + jsin 90.58
st B89 m o rad/sec
r=[z]=x?+y? (9.59) 7] PE—— \
r i
o=tantY (9.60)
” ¢
' Re
X

FIG 9.12 Representation of a phasor
Z=X+]y=rso.
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Z =C0S0+ JSInO
dz =—sIin0O + jcosO
do

= J(cosO + Jsin O)

d—zzjde

Z

Inz=j0+C

z=Cel® «1=cel’=cC

[eje =C0S0 + JsIn e]
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21 +29 = (X1 +X2) + (Y1 +Y2)
21 =29 = (X1 —X2) + J(Yy1—¥2)

2122 = rlej¢1r2ej¢2 — rlrzej(¢1+¢2)
=1l (Lo + Ld»)

21 _ rle’_¢1 _ 1 Qi1—92)
Zo r2e1¢2 Iy

=B (4y - 24y)
I

Jz = Jrel? = Jreld/2
:\/FL(I)]_/Z

Z*:X—JY=rZ—¢=re‘j¢

(9.61a)

(9.61b)

(9.61¢)

(9.61d)

(9.61e)

(9.91f)
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db=ot+06 (9.62)
rel® = relfglot (9.63)
Re[rejd’] = rcos(mt + 0) (9.64a)
Im[re”’] = rsin(ot + 0) (9.64b)

Phasor current

o =1ge)% = 1,20 (9.65)

Phasor : obtained by dropping
the time factor eI®' in I(t)

1(t) = Re[le)*Y] (9.66)
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A =Re(A.el®Y (9.67)

If A=Aqcos(ot -px)a,

then A = Re(Ase 1P*a, el

A = Ae PXg

oA _ 8 Re[Al®!]
ot o

y

= Re[joAe/®!]

% — joA
ot

—_

jAdt—>A

JO

(Ks - Phasor form of A)

(9.68)
(9.69)

(6.70)

(6.71)

(6.72)
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Point form

V'Ds:pvs

Table 9.2 Time-Harmonic Maxwell’s Equations Assuming Time Factor et

Integral form

fs Ds - dS = [[[pysdxdydz

49



GIX| 9.5 CIS 2EASE A A8l 2. /

i(3 — 4)* 141"

@ u= ey ©=" iy
i3-4i)

@ n epe iy

_i3+4j)

(-1+6j)(4+4)-1)

_iB+4))

(-1+6))(3+4))

_ 3j-4

- —3+14j-24

_ —4+3j

C —27+14j

(—4+ 3))(-27 —14])
(=27 +14)(~27 —14])
150 - 25j)
272 1142
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Of| x| 9.5 C}

Ojo

EPN

_ ﬁej(n/m.n)/z
\ 4./5

= 0.3976e 109477
— 0.3976e1(%42")

1+ j=~/2e1™/4

tan0 =-8/4
=2
0 =-63.4°
=-1.11

4-8j= 4.5 111

Im
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/4
Re
/ 0 Re
/80
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OflX| 9.6 A = 10 cos (108t —10x + g) a, 2| Phasor="?

Bs = (20/))ay + 10e/2™/33,, 2| £=A|H (instantaneous form)=7?

A =10cos(10%t —10x + n/3)3,

[ j(108t-10x+7/3) |«
= Re| 106/ X+ )}az

[ i(ot—10x+71/3
= Refl0g (@t 10X+ )kz

A j10%t-10x+7/3) 5 —jot
A =10el )a e

_ 10ej(‘1ox+“’3)az

B, =

20 o
—ay +10e 3 ay
J

21X

- =
-20ja, +10e 3 a,
7T 21X
125 "3 5
20e ~cay +10e * ay

B = Re[Be!”']

=Re

=Re

_i" jzix
20e 23, +10e 3 a, !
— S jot E ot

20e 2 a, +10e 3 ay

=20 cos(— i mtjax +10 cos(zix + oatjay
2 3

= 20sin(+ ot )a, +10 cos(z%x + mtjay
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OIX| 9.7 E = %cos(106t + Bz)a, volt/m H = ?cos(106t +Bz)a, A/m & [f

Phasor Form2 2 BH& 3t Maxwell Eq2 THE A|7|7] QI8
A= H,, BE T5t2t Space Charge= 8iLCt.

E —Eel [ES:@eJBZaq)
p
A= Aot [HS Ho giezg
P
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V-B=0 p 00
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VxE=—— — —
ot VxEg =—JouHs
p p
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—>[H oB =50me ]
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p T
A = Agelot [Hs :@eiBZap}

p I
eV-E=0 V.ES_O EQE(‘)S_O
V-B=0 p Od
VXFl—j_F@D VI:ISZO lngS—O

N t p op
_ B VxH, = josE
VxE _5_8 f _S : S_]
ot VxEg =—JouH;
50 50 A
VxEs =V>{—GJBZ§¢} - —jp=—ela, It
P p )
LI
—JB eJBZ Jmu—eJBZap
P
%mzﬂ
B op
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P P

jl'lOBesza

o= jwsS—OejBZéd)

p
4 HoB = 500¢]

V xE, =V>{@ejﬁza
p

.50 gz :
_JB?eJBZap =—Jjou

H, 50
——=—
B op

{

B =+3.33x10"
Ho =+0.1326

‘T

¢} ——jp>eif7
p
mejszap

p
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X y Z
OX oy 0z
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op p O 0z
10V _

-—a
r 00

oV _
a

(3.30) VV = %—Yar +
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OA Py oA,
OX oy 0z
10 oA L A,
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+ L &a
0 rsin® oo ¢

_ 1

340) V-A=——(pA,) +—
(3.40) GO Re et
1

10
2 or rsin6 0o

(3.41) V-A= . (r’A) +

r
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AX Ay AZ
(3.53) Vx A= g 9 9
oXx oy o0z
Ay Ay A
ap pa(j) AZ
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plop 0 oz
A, PAy A,
dr rag rsin6a,
(3.56) VxA= 21 9 9 2
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Ay TAg TSINBA
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rsin® oo
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Ol 9.8 E = 20sin(10%t — Bz)a, volt/m O|C}.
=0, n=p £=4g, L Il B,H S AHLSI2L.

cos(—n/2+ ot —Bz) = cos(—n/2)cos(wt —Bz) —sin(—n/ 2)sin(wt — Bz)
= sin(ot —2)

Es = Ee 10t =20e7 1"/ %7 IP7g

) ) ) = ok ' '
VxEg =—jouHg — Hg _VxE 1 {_ = EX}=@e_er_JBZax
—jop  —jou| oz OH
- H E E VXH 1 8HXSay ZOB e JBZ y
joe st 0z C‘)ZHS
—jot g ~Inl24=1Bzy
Eqe =20e %7 IP7g 20p°
ZOB o im/25-iB2y a, o’pe :
®2pe
Fi. = 208 o-im/ 24 JBZaX :iie—jnlze—jﬁzax
o 3n
N _ Re[ﬂsejwt]

—+ L sin(108t + B2)a, A/m
3n
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