Dept. of Biomed. Eng. Summary of Signal and System

1. Signals and Systems

Signal
(1) Function of time, space, etc

(2) Contains information

(3) fis a whole signal and f(t) is the value of signal at time t.

(4) Domain of signal: t's for which it is defined

Continuous-time signal

Domain of signal is R.

Discrete-time signal

Domain of signal is I.

Unit and dimension of signal

Measure of signal

Properties of signal

Power and energy

Kyung Hee Univ.

Continuous-time Discrete-time
Instantaneous power p(t) = x3(t) p[n] = x2[n]
Average power 1 b, M
P= j X2 (t)dt _ 1 2
bL-tJy I:)_nz—n1+lz‘4x[n]
I’l=n1
A1 (T A I x
P,=lim — | x*(t)dt P =1l x2[n
T—o 2T J-7 = N 2N +1n;\l [n]
Energy b, N
E=| x“(t)dt _ 2
t, E= ZX n]
n:nl
L L A N
E,=lim | x“(t)dt E,= lim x[n]
Towod_T N—o0
n=—

(1) Signal with finite energy signal: E_ <o and P, =0, find an example.

(2) Signal with finite average power: E_ =0 and P, < o0, find an example.
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Transformations of the independent variable

Continuous-time Discrete-time
Time shift X(t—1g) X[n—ny]
Time reversal X(—t) X[—n]
Time scaling X(at) X[an]
Combination X(at+ ) X[an+ ]

Characteristics of signal

Continuous-time Discrete-time

Periodic X(t)=x(t+T) X[n]=x[n+ N]
(fundamental) period, T (fundamental) period, N

Aperiodic Not periodic Not periodic
Even X(t) = x(-t) X[n]= x[—-n]
Odd X(t) = —-x(-t) X[n] = —x[-n]
Even part £x(1)} = %{x(t) +x(-0} | &dxnl}= %{x[n] +x[-n]}
Odd part

od[x()} = - [x®) —x(-} | od{xn]} = ~{x[n]— x[-n]}
2 2

Continuous-time exponential and sinusoidal signal

(1) Real exponential signal: x(t) = Ce®, C eRand a eR
(2) Complex exponential signal: x(t) = Ce®, C = |C|ej9 eCanda=(r+jo,) €C
In this general case, X(t)=|C| eltell@dt+0) _ ICle" {cos(@wot + ) + jsin(wot +6)} .

(3) Periodic complex exponential: X(t) = @' = x(t + T) =el? D) = gl@oTg et

We need €107 =1 Therefore,
@ If @y=0, x()=1 VT.

2
b If wy=0, Toy=Ty, = ﬁ = fundamental period. Why T_. 7
@
(4) Sinusoidal signal: X(t) = Acos(wot+¢), Ty= i—ﬂ, o, =271,
0

(a) tand T,: second, sec, or s
(b) o, : radians per second or rad/s, fundamental frequency

(c) fy: cycles per second or Hz (hertz), fundamental frequency
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(d) ¢: radians (what is one radian?)

(e) What are power, energy, average and rms value of X(t)?

(f) Plot and describe the voltage signal, Vv(t)=10cos(27 x120t+ %) [V].
(g) Calculate power, energy, average and rms value of v(t) in (f).

(5) Euler's formula: el@t = cos @t + jsinwt
(@) Acos(wot+¢) = ?emejwot +§e—1¢e—jwot _ Aze{ej(wotm)}

A g i A g .
(b) Asin(wgt+¢) = __eJ¢eJ"’0t ___e—J¢e—ont - A7m{e‘(“’0t+¢)}
2] 2j

6) Harmonically related complex exponentials: t :ejkwot,k el
( y p P K

Note that k f, = kag = b . Can you find an inverse relationship?
27 To/k

Discrete-time exponential and sinusoidal signal

(1) Real exponential signal: X[n]= ce’"=Ca" , a=¢”, CeRand a, <R
(2) Complex exponential signal: x[n]=Cea", C= |C|ej9 eCand o = |0¢|ej“)0 eC

In this general case, X[n]=|C|la| {cos(@yn+6)+ jsin(@on+6)}.

(3) Periodic complex exponential: X[n]=eJ?" = x(n+ N) = eJ@0(MN) _ gl@oNgjoon

We need e/®N =1 Therefore,

(a) When w, =0, x[n]=1 VN.

27

(b) When wy#0, N=m = fundamental period if the integer, m has no

en
common factor with the integer, N. Why?
(c) Since }(@+2PN _ gl@Ng 12 _ o IO 'y in]is periodic in o with period 2 7.

(4) Sinusoidal signal: x[n]= Acos(@yn+ @)
(a) n: dimensionless

(b) What are power, energy, average and rms value of x(t)?
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(c) Plot and describe the voltage signal, v[n]= IOCOS(% n) [VI].
(d) Calculate power, energy, average and rms value of v[n] in (¢).

uler's formula: €19 = coswyn + j sinwgn
5) Euler's fi | J@on 0 0
(a) Acos(wgh+ ¢) :?ejﬁﬁeiwo” +§e—j¢e—jwon _ Aze{ej(w0”+¢)}

A s i A s _
(b) Asin(wyn+ @) = eldgloon _ T gmidgmloon _ A7m{ej("’0”+¢)}
2] 2j

6) Harmonically related complex exponentials: n :ejkwon,k el
( y p p k

kCUO 1

Note that ———=——and ¢k[n]=ejk(2”/N)n . Can you find an inverse

2z NJk

relationship?

(7) Revisit the periodicity of €®" wrt w,.

(a) e](a)0+2ﬂ')n — eja)onejzﬂn — eja)on \v/n

(b) w,=r is the highest frequency since e = (",

(¢) wy=0,27 are the lowest frequencies since el?™" =gl =1,

3z Trn 157

—,—,—,2x.Find arule.
2 48

(d) Plot coswgn for @, :O,g,

A~y

T
—, T
s T 9/t
2

(8) Revisit the periodicity of €/“0" w.rtn.

(a) Since X[n]=el®" = x(n+ N) = el?MN) — giooNgio o need el®oN =1,

(b) Therefore, wyN =27z m for some m el or ;)—0 = %
V4

(c) In other words, e!®" is periodic if 2—0 is a rational number.
T

(9) Revisit harmonics of eJ?" with a common period of N.

@ é[n]= elk@r/N)n _ dronnl= i (kN)27/N)N _ o Jk(27/N)ng j2n

(b) There are only N distinct periodic exponentials and
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. . . : N-1
{¢O[n]’¢l[n]’“.,¢N71[n]} or {I,ejz’m/N’eH”n/N,---,eJZ”(N_l)/N} or {ej2ﬂ'k/N}k:O.

Continuous-time unit impulse ans unit step function

0, t<O0 )

(1) Unit step function is u(t) = {1 0 Plot u(t). Is u(t) continuous? Is u(t)
differentiable?

. . du(t) t *
(2) Unit impulse function is o(t) = et And, u(t)= J‘é(r)dr = J-é‘(t —7)dr.

—00 0

, /A, 0<t<A

(3) Derive o(t) and u(t) from J,(t) = oo
0, otherwise

(4) Sampling property: X(t)o(t —ty) = X(ty)o(t —ty)

Discrete-time unit impulse ans unit step function

3

0
. Plot u[n].

1) Unit stepis u[n]=
(1) p [n] {1, 150

0 0. Plot o[n] . d[n]=u[n]—-u[n—1] . And,

2) Unit i Ise i nj=<"
(2) Unit impulse is J[n] {1’ N0

u[n] = ia[m] = ié[n—m] .
m=0

M=—o0

(3) Sampling property: Xx[n]o[n—ny] = X[Ng]o[n—ny]

System

(1) System transforms input signals into output signals

(2) System is a function mapping input signals into output signals

Input-output representation

Continuous-time system
System transforms input into output: X(t) — y(t)
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Discrete-time system
System transforms input into output: X[n]— y[n]

System interconnections

(1) Series or cascade interconnection
(2) Parallel interconnection

(3) Feedback interconnection

(4) Combination

Basic system properties

(1) Memoryless vs. with memory
(2) Invertibility and inverse system
(3) Causality

(4) Stability (boundedness)

(5) Time invariance

(6) Linearity
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2. Sampling

Sampling theorem
(1) Impulse train sampling
(a) Sampling function is an impulse train,

p(t)= »_8(t-nT) < P(jw):zT—” D s@-kay)

N=-—o0 k:—OO

. . . . . 2 1
(b) T is sampling period and sampling frequency is @4 = ?ﬁ or fg= % =T
T

o0

(©) Xp(H)=x(t)p(t) = Zx(nT)é(t—nT) PN

N=—o0

Xp(i) = X(joyP(jo) == D" X(i(0 - k)
k=—00

(2) Sampling theorem:

Let x(t) be a band-limited signal with X (jw)= 0 for |a) | > - Then x(t) is

uniquely determined by its samples x(nT), n=0,£1,+2,--- if ogs>2w), where

ws=27/T.

Given these samples, we can reconstruct X(t) by generating a periodic impulse
train in which successive impulses have magnitudes that are successive sample values.
This impulse train is then processed through an ideal lowpass filter with gain T and cutoff
frequency greater than w),, and less that @y —w, . The resulting output signal will
exactly equal Xx(t).

Signal reconstruction from samples (interpolation)

(1) Reconstructed signal using a filter h(t) is X, (t) = X, (t)*h(t) = Z x(nT)h(t —nT)
N=—o0

@ T sin(@.t) a

(2) For an ideal lowpass filter h(t), h(t) =
ot

nd
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0

_ o T sin(wc(t—nT))
(= ), XM T wc(t-nT)

N=—o0

Aliasing: effect of undersampling

C/D and D/C conversion: discrete-time processing of continuous-time signal
(1) Signal conversion

(a) Continuous-to-discrete-time conversion: analog-to-digital converter (A/D
converter or ADC)

(b) Discrete-to-continuous-time conversion: digital-to-analog converter (D/A
converter or DAC)
(2) Signal representation: Xy4[n]= X.(nT) and y4[n]=y.(nT)
(3) Note that

o0 o0

Xp (1) =X (D) p(t) = Zxc(nT)é(t—nT) o Xp(jo)= ZXC(nT)e‘j“’”T and

N=—o0 k:—OO

o0 o0

xalnl=x(T) < Xq(€?)= D xglne "= > x (e "

N=—0o0 N=—0o0

Therefore, Xy (ej“o) = X(j£2/T) and 2= T . Furthermore,

o LNy
Xa(e}?) = D Xo(i(@2-27k)/T)

k=—c0
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3. Linear Time-Invariant (LTI) Systems

Discrete-time LTI systems: convolution sum

(1) Sampling property: X[n]= Z X[kloIn—k]
k=—c0
(2) Assume o[n—k]— h[n], then y[n]= Z X[k]h.[n] from linearity.

k=—o0

k=—00 k=—o0 k=—o0

invariance.

Continuous-time LTI systems: convolution integral

(1) Sampling property: x(t) = J-O;((T)é'(t —7)dr

(2) Assume O(t—17) — h.(t), then y(t)= J-X(z')hr (t)dz from linearity.

3) y)= f;((r)hr(t)dr = J-j;((r)ho(t —7)dr= J.j;((r)h(t —7)dz =Xx(t)*h(t) from time-

invariance.

Properties of LTI systems
(1) Commutative property: X[nJ*h[n]=h[n]*x[n] and x(t)*h(t) = h(t)*x(t).

(2) Distributive property: X[nJ#(h;[n]+h,[n]) = x[n]*h;[n]+ X[n]*h,[n] and
x(t)*{h; (t)+h, (1)} = x(t)*h; (t) + X(t)*h, (t) . Is this parallel interconnection?
(3) Associative property: x[n]+(h;[n]«hy[n]) = (X[n]*h,[n])*h,[n] and

x(t)*{h; (t)*h, (t)} = {x(t)*h;(t)}*h,(t) . Is this series interconnection?

Memoryless LTI system
h[n]=9d[n] or h(t)=0o(t)
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Invertible LTI system
(1) Discrete-time LTI system is invertible if 3h;[n] > h[n]*h;[n] = J[n].
(2) Continuous-time LTI system is invertible if Fh,(t) > h(t)*h(t) = o(t).

Causal LTI system
(1) Discrete-time LTI system is causal if h[n]=0 for n < 0. Then,

y[n] = Z x[kJh[n—kJ.

k=0
(2) Continuous-time LTI system is causal if h(t)=0 for t < 0. Then,

y(t) = J.Ooj((r)h(t —7)dr.

Stable LTI system

(1) Discrete-time LTI system is causal if Z|h[k]| <0, i.e. absolutely summable.

k=—c0

(2) Continuous-time LTI system is causal if |h(z')|d 7 <0, 1.e. absolutely integrable.

Unit step response of LTI system

(1) For discrete-time LTI system, S[n]=u[n]«h[n]= Zh[k] , h[n]=9[n]—s[n-1].
k=—c0
: : f ds(t)
(2) For continuous-time LTI system, s(t) =u(t)xh(t)= | h(z)dz, h(t)= 4

Linear constant-coefficient differential equation

N Kk M k
Zak d y(t) _ Zbk dd:jft) <:>X(t) Causal LTI y(t)
k=0

k
— dt
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Linear constant-coefficient difference equation

N M
D ayyIn-kl= > _bxin- ke x{n]— =L, yin)
k=0 k=0
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4. Fourier Series

Response of LTI system to complex exponentials
(1) Eigenfunctions and eigenvalues
(a) Continuous-time (€% — H(s)e™ ): if x(t)=e",

y(t) = I: h(z)x(t—7)dr = J.: h(r)e* dr =e* _i h(z)e™"dz

Define the system function, H(s) = J._w h(r)e™dz . Then, y(t)=H(s)e™.

(b) Discrete-time (z" — H(z)z"): if x[n]=12",

y[n]= i h[k]x[n—k]= i h[k]z"™ = 2" i h[k]z ™

Define the system function, H(z)= Z h[k]z™ . Then, y[n]=H(z)z".

k=—00

(2) Superposition principle
(a) Continuous-time: if x(t) =) ae*, y(t)=> aH(s)e* .
k k

(a) Discrete-time: if x[n Zak z,, y[n ZakH(z )z, .

Fourier series representation of continuous-time periodic signal

(1) Representation
X(t)=x(t+T) forallt
U

X(t) = Z akejkwot _ Z ae Jk 27/T)t —a, +z[ a. e ket +a_ke—jka)0t]
k=—o0

k=1

If signal is real, X(t)=X'(t). Then, a, =a_, and
X(t)=a, + Z[ake"'“"ot + a:e“'k“ﬂ =a,+2> A cos(ko,t+6,) with a,
k=1 k=1
or
X(t) =a, +2) [B, coskat —C, sinkayt] with a, =B, + jC,.
k=1

(2) Coefficient determination

X(t)e—jnmﬂt — i akejkwote—jna)ot

k=—o0

http://ejwoo.com 12
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T . T & . . > T .
X — ineot :J‘ koot o= inegt 44 _ J' i(k=n)at
_[O (t)e "dt . k:E_wake e "dt g_w 3] e dt

T, ifk=n

J'T pltmatgy J.T cos(k —n)w,tdt + jJ.T sin(k —n)aw,tdt =

0 0 0 0 0 0, ifk=n
. | —jnogt 4+ _ 1 = jnayt

a, = [ (e tdt = = [ x®e™ddt

(3) Fourier series pair of periodic continuous-time signal

X(t) — Z akejka)ot — Z akejk(er/T)t
k=—00 k=—o0
8 = [ x@e*dt = 1 [ x@e e dt
A T
where {ak} are Fourier series coefficients or spectral coefficients of X(t). Note that

1 .
a, = ?L X(t)dt = average value over one period .

(4) Convergence of the Fourier series
(a) Over any period, x(t) must be absolutely integrable; that is,

IT(X(t)(dt<w so that (a,( <oo.

(b) In any finite interval of time, X(t) is of bounded variation; that is, there are no
more than a finite number of maxima and minima during any single period of the signal.
(c) In any finite interval of time, there are only a finite number of discontinuities.

Furthermore, each of these discontinuities is finite.

Properties of continuous-time Fourier series
- Both x(t) and y(t) are periodic with T and @, =27/T . Their Fourier coefficients are

a, and b, , respectively.

Signal Fourier coefficient
Linearity AX(t)+ By(t) Aa, + Bb,
Time shifting X(t-t,) a e Kt
Frequency shifting | eM™'x(t) Ay
Conjugation X' (t) a’,
Time reversal X(—t) a,
Time scaling X(at), a >0, period of T/« a,
Periodic J x(r)y(t—7)dr Ta,b,
convolution !

http://ejwoo.com
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Multiplication X()y(t) ©
z q bk—l
|=—o0
Differentiation dx(t) jko,a,
dt
Integration [ xat, finite with a,=0 L),
B jkeo, )
Conjugate Real x(1) a =a,
symmetry

(a,(=(a,( and Za =-Za,
Re{a,}=Re{a,} and
Im{a, }=-Im{a_,}

Real and even Real and even X(t) a, real and even

Real and odd Real and odd x(t) a, purely imaginary and odd
]c?gf:mPOSition %)= % {X(®)+x(-0)j , real Reta]

doe(i((l)mposition %) = %{X(t) = X(-1)} , real iim{a,]

Parseval's relation Tl J-T (x (t) (2 dt = ki (ak (2

Fourier series representation of discrete-time periodic signal

(1) Representation
X[nN]=x[n+N] foralln

U
xinl= > adlnl= > ae’" =>" aejk(2r/N)n
k(N K(N(

K=(N(
(2) Coefticient determination

1 —jk(2z/N)n
a =— » x[ne ¢
(3) Fourier series pair of periodic continuous-time signal

xn]= > ae" =>" aejk(2z/N)n
K=(N( K=(N(

Z X[n]e—jkwon :L Z X[n]efjk(Zﬂ'/N)n

.
N W N WS

where {ak} are spectral coefficients of X[n].
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Properties of discrete-time Fourier series
- Both x[n] and y[n] are periodic with Nand @, =27/N .

are @, and b, , respectively, and are periodic with N.

Kyung Hee Univ.

Their Fourier series coefficients

Signal Fourier coefficient

Linearity AX[n]+ By[n] Aa, + Bb,
Time shifting x(n—n,] a e e/
Frequency shifting | @M @7/Nityrn) A&
Conjugation x'[n] a’,
Time reversal X[—n] a,
Time scaling x[n/m], ifn=Im 1

XmN]= {O,[ m otherwise Eak

where | is an integer
Periodic . z X[rly[n—-r] Na, b,
convolution r=(N(
Multiplication x[n]y[n] Z ab,

1=(N(

First difference X[n]—=Xx[n-1] (1 _ g Jk@a/N) ) a,

Running sum

Z X[k] , finite and periodic

k=—o0

1
(1 _ e—jk(Z;r/N) j ak

with a, =0

Conjugate Real x[n] 3 =a,

symmetry (a,(=(a,( and Za =-Za,
Re{a f=Re{a,} and
Im{a, } =-Im{a |

Real and even

Real and even X[n]

a, real and even

Real and odd Real and odd Xx[n] a, purely imaginary and odd
Even 1 R
decomposiion | oM =5 (0 xa) rear | el
Odd 1 i
decomposition X,[n]= E{X[n] —X[-n]}, real jimia,}
Parseval's relation 1
N 2 o = 3 (a
N SR K=(N(

Fourier series and LTI systems

(1) Frequency response

(a) Continuous-time: H(jw)=H (3)( = J'_°° h(t)e jot gt

http://ejwoo.com
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(b) Discrete-time: H(e')=H(2)(,_,,. = i h[nle "

n=-ow

(2) Superposition principle

(a) Continuous-time: if X(t) = Z a ek, yt)= Z a H (e )ekt
k=—o0 k=—o0

(a) Discrete-time:

if x[nj= Y a "M, yin]= 3 a H(e e

K=(N( k=(N(
Filtering

(1) Frequency-shaping filters

(2) Frequency-selective filters
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5. Continuous-Time Fourier Transform

Fourier transform pair
(1) Fourier transform or Fourier integral
X(t) = 1 [Mx (jo)e!?de
27 J—w
(2) Inverse Fourier transform
X(jo)=| xte 1?dt
where X (jw) is called the spectrum of X(t).
(3) For a periodic signal X(t) with period T,

1 . .
a = T X( ja))|w=kw0 since

T/2 ) o0 . X(t
a -~ sz(t)e"kwotdt=lf x(he Keutdt with x(ty=1{ "
TJ 112 TJow 0

b

(4) Convergence of the Fourier transform

(a) X(t) is absolutely integrable; that is,

J.oo|x(t)|dt<oo.

—00

Kyung Hee Univ.

-T/2<t<T)/2
otherwise ‘

(b) x(t) has a finite number of maxima and minima within any finite interval.

(c) X(t) has a finite number of discontinuities within any finite interval. Furthermore,

each of these discontinuities must be finite.

Fourier transform for periodic signals

o0

(1) X(ja))zzza(w—a)o)ax(t)zzi 278(w - wy)e M dw = eIt
T J—0

(2) In general, X(jw)= Zzﬂakg(w_ ko) < x(t) = Zakejkwot

k=—o0 k=—00

http://ejwoo.com 17
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Properties of continuous-time Fourier transform

Summary of Signal and System

- X()e X(jow) and y(t) = Y(jo)

Kyung Hee Univ.

Signal Fourier transform
Linearity ax(t) +by(t) aX(jo)+bY(jw)
Time shifting X(t—ty) PLC% (jo)
Frequency shifting | gieotyt) X(J(@=y))
Conjugation X" (1) X (= jw)
Time reversal X(-1) X(-jow)
Time/frequency X(at) 1 jo
scaling m X a
Convolution X(D*y(t) X(jo)Y(jo)
Multiplication X(t)y(t) 1 ] .
P —X(joyY(jo)
2
Differentiation dx(t) joX(jo)
dt
Integration t 1 .
& [xwa ~p X(i@)+ X (05(@)
Conjugate Real x(t) X(jo)=X"(-jw)
symmetry

IX(joo)| =|X (- jo)
IX(jo)=—-2X(-jo)
Re{X(ja))} = Re{X(—ja))}
Im{X(jo)} =-Im{X(-jw)}

Real and even

Real and even X(t)

X(jw) real and even

Real and odd Real and odd x(t) X(jw) purely imaginary and
odd

Even 1 Re{ X (]

docompositon | %O =3 {0+ real | RLXU]

Odd 1 j Imq X (]

decomposition Xo(t)ZE{X(t)—x(—t)},real jm{X(je)]

Parseval's relation

Oo|x(t)|2dt:i Oo|X(ja))|2da)
_ 2w d_
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System characterized by linear constant-coefficient differential equation

(1) A class of continuous-time LTI system with

N k M k
dt dt
k=0 k=0

(2) Frequency response

M
Y(io) Zbk(Jw)k
; J®) _ k=0
H(jw) = -
(jo) X (jo) ZN:a i
kJw
k=0
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6. Laplace Transform
(Bilateral) Laplace transform
(1) Definition with S=o+ jw
X(5)=| xetdt < x(t)«— X(s)

—0o0

(2) Fourier transform
F{x®}=X(jo)=X()_j,

(3) ROC (region of convergence)
(4) Calculus problem <« algebraic problem

Rational Laplace transform

_NG
(1) X(s)= D(s)
(2) Poles
(3) Zeros
ROC

(1) The ROC of X(s) consists of strips parallel to the jw-axis in the s-plane.
(2) For rational Laplace transforms, the ROC does not contain any poles.
(3) If x(t) is of finite duration and is absolutely integrable, then the ROC is the entire S-

plane.
(4) If X(t) is right-sided, and if the line Re{s}=o is in the ROC, then all values of s

for which Re{s}> o, will also be in the ROC.

(5) If x(t) 1s left-sided, and if the line Re{s} =0, 1sinthe ROC, then all values of s for
which Re{s} <o will also be in the ROC.

(6) If () is two-sided, and if the line Re{s}=o, is in the ROC, then the ROC will
consist of a strip in the s-plane that includes the line Re{s}=o.

(7) If the Laplace transform X(S) of X(1) is rational, then its ROC is bounded by poles or
extends to infinity. In addition, no poles of X(S) are contained in the ROC.

(8) If the Laplace transform X(S) of X(t) is rational, then if X(t) is right-sided, the ROC is
the region in the s-plane to the right of the rightmost pole. If X(t) is left-sided, the ROC is
the region in the S-plane to the left of the leftmost pole.
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Inverse Laplace transform

(1) Definition with s=

X(t) = a

o+ jo

1 foti»

o—jo

Kyung Hee Univ.

X(s)eMds < x(t)«—s X(s)

(2) In practice, for rational Laplace transforms, use the partial fration expansion.

Geometric evaluation of frequency response from pole-zero plot

Properties of Laplace transform

value problem

and X(t) contains
no impulses or
higher order
singularities att =
0

X(07) = Slgg SX(s)

lim X(t) = lim SX (S)
t—o0 s—=0

Signal Laplace ROC
transform

X(t) X(9) R

X (t) X1(s) Ry

Xy (1) X5 (9) Ry
Linearity ax; (t) +bx, (t) aX;(s)+bX,(s) | Atleast Ry R,
Time shifting X(t—1g) e—St x (s) R
Shifting in the s-| g%t x(t) X(s—5p) Shifted version of R, i.e.
domain seROC if(s—5sy) R
Time scaling X(at) 1 S Scaled ROC, i.e.,

fa] \a s eROC if s/a R

Conjugation X" (t) X * ( S*) R
Convolution X1 (1)* X, (1) X1(8) X, (9) Atleast RiNR,
Differentiation in| d ¢ SX(S) At least R
the time domain dt X(t)
Differentiation  in | —t X(t) d X R
the s-domain ds O
Integration in the | pt 1 Atleast RN{Relsl>0
time domain J._i(f)df s X(s) { s} }
Initial- and final- | X(t)=0 fort<O0

LTI system and Laplace transform
(1) Y(s)=H(s)X(s) where H(S) is the transfer function or system function

(2) Causility

(a) The ROC of H(S) for causal LTI system is a right-half plane
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(b) For a rational H(S), the ROC of H(S) for causal LTI system is the right-half
plane to the right of the rightmost pole
(3) Stability

(a) An LTI system is stable iff the ROC of its H(S) includes the entire jw-axis

(b) A causal LTI system with rational H(S) is stable iff all poles of H(S) lie in

the left-half plane, i.e., all poles have negative real parts

System function algebra and block diagram representations

(1) Parallel interconnection: h(t) =h;(t)+h,(t) < H(s)=H;(s)+ H,(s)

(2) Series or cascade interconnection: h(t) = h;(t)*h,(t) < H(s)= H;(S)H,(s)
Y5 _ Hi()

(3) Feedback interconnection: H(S) = =
X(s) 1+ H(s)Hy(s)

Unilateral Laplace transform
(a) Definition: X(s):J- x(eldt < x(t)« %X (s)=UL {x(t)}
o

(b) ROC is always a right-half plane
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7. Discrete-Time Fourier Transform

Discrete-time Fourier transform pair
(1) Discrete-time Fourier transform
1 . .
x[n]=— | X(&!?)e!dw
2 doz
(2) Inverse Fourier transform

o0

X (el = Zx[n]e‘j“’”

N=—o0

where X (ejw) is called the spectrum of x[n].

(3) Convergence of the discrete-time Fourier transform: x[n] is absolutely summable; that

is,

i|x(n)|<oo or i|x(n)|2<oo.

N=-—00 N=—0o0

Discrete-time Fourier transform for periodic signals

(1) x[n]=el®" = X (ei?) = 2272'5((0—(00 ~24)

|=—0

(2) In general, x[n]= Y aeXC7NN o x@l®y= Y 273 5(50—%)
k k N
k:<N> k=—00

Properties of discrete-time Fourier transform

- x[n]< X(@!?) and y[n]<Y(E!?)

Signal Fourier transform
Linearity ax[n]+by[n] aX (ejw)+bY(eja’)
Time shifting X[n—=ny] o dong y (eja))
Frequency shifting | gioon x[n] X (ej(a)—a)o ))
Conjugation x*[n] X *(e—ja))
Time reversal X[—nN] X (e ja))
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Time expansion x[n/k], if n=mk jko
oy VKL iEn=m o)
0, otherwise
where m is an integer
Convolution x[n]+y[n] X(e jC")Y(e jm)
Multiplication x[n]y[n] 1 j X (eJ0)Y (el 9ydg
2 hor
Differencing  in | X[n]—X[n—1] (1-e712)X (e1?)
time
Accumulation n 1 jow
Zx[k] 1-e71® X&)
k=—o0 _ 0
X (el Z&(a) ~27K)
k=—c0
Differentiation in | NX[N] dX (ej”)
frequency JT
Conjugate Real x[n] X (ejw) - X *(e—Jw)
symmetry

=i
ZX(e1?) = —sX (e71®)
Re{X(e9)} = Re{X (e 1)}
Im{X(ej”)}=—Im{X(e_j”)}

Real and even

Real and even X[n]

X (e1?) real and even

Real and odd Real and odd x[n] X (i) purely imaginary and
odd

Even 1 jo

decomposition Xe[n] = E{X[n] +X[-n]} , real Re{ X(e )}

Odd 1 . o

decomposition Xo[n]= E{X[n] = X[-n]}, real J Im{ X(e )}

Parseval's relation

[e's] 2_ 1
D Xl =

N=-o0

'2 ‘X(ej“’)‘zda)

System characterized by linear constant-coefficient difference equation

(1) A class of discrete-time LTI system with

N M
Zaky[n— k]= Zbkx[n— k] x[n]
k=0 k=0

(2) Frequency response
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M
—jak
. Y(el® Zbke

Xy XN .

k=0
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8. Z-Transform

(Bilateral) z-transform

(1) A9 (z=rel”)

0

Z{x[n]}:X(z):Zx[n]z‘” <Z 5 Xn

N=—o0

(2) Fourier transform ¥}2] 37|

F{XINT} = X(€2) = X @), _gio = D Ml " Es x[n]=iLX(ei‘”)eiw“dw

N=—0o0

z=rel? =r(cosw+ jsinw) < |z|=r20 and Zz=0

2

el” = cosw+ jsinw and ‘eja":\/cosza)+sin w=1
0 7\[ 2\ 4\ »
a 4 w=T0

(3) ROC (region of convergence)

@ 8 28 Y )2 <o = [X@)]<w

N=—0o0
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(b) z=7, €eROC = {z]|z|=|z[JcROC: ROC € AHS FAHOZ 3=
ring & 2 YS 7HRIUH

© {z]z]=1}cROC = X(@E'*) 7} F&, X(@€*) 7} analytic ¥ 79~

X(1?) = §(w - wy) + 5w+ wy) Q) 752

Rational form

N(@)
1) X(2)=
(1) X(z2)= D(2)
(a) x[n]°] real = complex exponentials 2] FO. 2 F A= uj
(b) x[n]&] Hol7} st o
(2) Pole #} zero
(@ X(z))=0 = z=7< zero 2} &
(b) X(z;) > o = z=2,% pole ©]2} &
(3) dlAl: x[n]=a"u[n]
X(z)=Za”z (az)" el31, x@ 7t #Hs7] A= a2 |<1
n=0 n=0
= |z|>|a| oleloF @ weH, X(@)=——=—2 o] ROC
1-az Z—-a
2] a1k
Im z—plane
Tkek a=1o]2bd, X(2)= 1_1=L (|z|>1)°]‘”4—.
1-z z-1
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4) AA: x[n]=-a"u-n-1]

0 -1 0

-1

X (7) = —a"u=n—11)z" = — n,—n_ _ —1n:_aZ:Zo

(2) H;O( a"u[-n-1])z rZ;Oaz n_l(a 2) 2L |

3L, X@)7F FEE) A [alz|<1 F, [z]<[aleloloF & webA,
X(Z)=Zfa0]1 ROC = |z|<|a|e]t}.

ek a=1ole, X@=— (|z[<nelh

a", 0<n<N-1

(5) oAl A: x[n]={

0, otherwise
N
N-1 N-1 -1
n 1_(6‘2 ) 1 N -aN
X(2)=Y a"z "= (az7!) = = o], z=0°] (N-
n=0 nzz(;( ) 1-az ' z-a

D71l pole o] AL, (N - D)7N] zero 7} z, =ael?™ /N k=1,2,---,N-1¢]

ottt ek, ROC & z#0¢ A Fzlo] .
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A8 (Linearity)

(1) Z {ax;[n]+bx,[n]} =aX,(z) +bX,(z)

K K 1 K
Q) x[n]:zai"u[n] PIEIN X(Z):Zl_a.z-lzzz—za-’ {Z:|Z|>miax|ai |}
i=1 i=1 1 =1 !

K K

K
G3) xnj= Y bu-n-] <% X(2)= - L Jz:|z|>min|b|
iz=1: T 1~ bz 1 ;Z_bi { ! }

4) 4dA: X[n]:(%) u[n]+(_%j u[n] z o,
IRy 1\ .
(5) dAl: x[n]=(zj u[n]_(a) U[=n—1] )

ROC 9] 84

(1) The ROC of X(z) consists of a ring in the z-plane centered about the origin.

(2) The ROC does not contain any poles.

(3) If x[n] is of finite duration, then the ROC is the entire z-plane except possible z = 0

and/or Z = 0.

(4) If x[n] is a right-sided sequence, and if the circle |Z | =T, is in the ROC, then all
finite values of z for which | z | > 1, will also be in the ROC.

(5) If x[n] is a left-sided sequence, and if the circle | z | =T, isinthe ROC, then all finite
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values of z for which 0 < | z | <1, will also be in the ROC.
(6) If X[n] is two-sided, and if the circle | Z | =T, isinthe ROC, then the ROC will consist

of a ring in the z-plane that includes the circle | z | =T.

(7) If the z-transform X(z) of X[n] is rational, then its ROC is bounded by poles or extends
to infinity.

(8) If the z-transform X(z) of X[n] is rational, then if X[Nn] is right-sided, the ROC is the
region in the z-plane outside the outermost pole. If x[n] is causal, the ROC also

includes z = co.

Inverse z-transform
(1) Definition with z=re}? (AAZE 719 AF&3HA] &g
_ 1 n—-1 Z Z
x[n]_r X(2)z7dz «—— Xx[n]«— X(2)
nJc

(2) In practice, for rational z-transforms, use inspection or partial fration expansion.
(a) Inspection

z

anU[n](—)ﬁ, Z|>|a|
a"u[-n-]«<Z%— ! z|<|al

—,
1—az”!

(b) Partial fraction expansion

M
S
X(Z) — kN:0 — k=0
e
k=0

- M>N=M-Npolesatz=0
- M<N=N-Mzerosatz=0
- Mzerosatz=0and N polesatz =0
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M
(l—ckz‘k)
b .4;7_4_
X(z)=a—0 Kl
0
(l—dkz_k)
T
M-N N S
_ -r A Cn
X(@)= ZBrZ - 1—-d,z ! " Z _\m
r=0 k=1k=i k m=1 (l—diz )
if M>N single poles

multiple pole of order m

A = (l_dkz_l)X(Z) |z:dk

" (s- m)!(l_di )y {dci;mm 1w’ X(W_l)]}

-1

W=di
Bz" < Bdn-r]
A A (d)"u[n], |z|>d,
=
I=dyz A(dy)"u-n-11, |z|<d,
1,2
Al X(2)= ”322 =2 19 LS
1-2z7 4772 -z 12
2 2 2

(c) Power series expansion: X(z) = Z x[njz ™"
N=—o0

o A

X(z)=17° —%z—l+%z‘1 PECEN x[n]:§[n+2]—%5[n+l]—5[n]+%5[n—l]

o A :
X (z) zlog(1+az_l) 1
n+
© (_l)m_lanz_n Z x[n]:{(_l) a”, n>1
:Z . , |z]>]a] 0, n<o

Geometric evaluation of frequency response from pole-zero plot
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Properties of z-transform
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Signal Laplace transform ROC
X[n] X(2) R
x[n] X1(2) R
X,[N] X5 (2) Ry
Linearity ax,[n]+bx,[n] aX,(z)+bX,(z) Atleast RiNR,
Time shifting X[n—ny] 270X (2) R, except possible
addition or deletion
of the origin
Scaling in the z- el@xn] X (e~ 1207) R
domain N
ZyX[n] X(z/zy) ZoR
a"x[n] X(a"'2) Scaled version of
R
Time reversal X[-n] X(z'h Inverted R
Time expansion X[r], n=rk| x (zk) Rk
Xo[n]=
0, n=#rk
Conjugation X*[n] X *(Z*) R
Convolution X [N X, [n] X1(2) X5 (2) Atleast RiNR,
First difference X[n]—x[n—1] (1-2"HYX(2) At least
Rn{z|>0}
Accumulation n 1 X (2) At least
Zx[k] 1—7! RN {z|>1}
k=—o0
Differentiation in | NX[N] dX(2) R
the z-domain —Z dz
Initial-value X[n]=0 forn<0 X[0]= lim X(z)
problem i
dlAl:  x[n]=r"cos(@won)u[n] = %r”ejwonu[n]+%r”e‘j“’0“u[n]
Z
un] < > , 1z|>1
1-z7! |
—reloony[n] £ Y2 - = E: 1
. z 1-rel®oz™
\releo

http://ejwoo.com

32

Eung Je Woo




Dept. of Biomed. Eng. Summary of Signal and System Kyung Hee Univ.

lr”e’j“"’”u[n] PELZIEN /2 _= /2 -
2 | z Y 1-re71®z
reioo
1-rcoswyz”"
X(2) = L, [z]>r

I-2rcoswyz " +r°z

Complex convolution
(1) win]=x[n]x,[n] «Z— W(z)_—iﬁ ( sz( Wdv

(2) win]=x,[n]x,[n] PRLINN W(z) = % Xl(ejw)* Xz(eja)) , periodic convolution
r

Parseval’s relation

(1) Z x,[N]x;[n] = ﬁi Xl(v)x2(1/v*)v—1dv

@) le[n]x;‘[n]zif X,(e17)x3 (e} )deo

Autocorrelation
(1) A9: Cylnl= Zx X[n+Kk]
k=—00
(2) z-transform:
Cw(2) = Z Zx[k]x[n +kjz ™" = Z x[k] Zx[n +kjz™"
n=—ook=—00 k=—00 N=—o0
- Zx[k]sz(z) = X(2)x(z)
k=—o0

LTI system and z transform
(1) Y(z)=H(z)X(z) where H(z) is the transfer function or system function

(2) Causility
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(a) A discrete-time LTI system is causal iff the ROC of H(z) is the exterior of a
circle, including infinity
(b) A discrete-time LTI system with rational H(z) is causal iff
- the ROC is the exterior of a circle outside the outermost pole, and
- the order of the numerator of H(z) cannot be greater that the order of the
denominator
(3) Stability
(a) An LTI system is stable iff the ROC of its H(S) includes the unit circle
(b) A causal LTI system with rational H(S) is stable iff all poles of H(s) lie

inside the unit circle, i.e., all poles have magnitudes smaller than one

System function algebra and block diagram representations

(1) Parallel interconnection: h[n]=h,[n]+h,[n] < H(z)=H;(2)+H,(2)

(2) Series or cascade interconnection: h[n]=h;[nJ*h,[n] < H(z)=H;(2)H,(2)
Y(@2) _ H(2)

(3) Feedback interconnection: H(z) = =
X(2) 1+H(2)H,(2)

Unilateral z-transform
(1) Definition: X(z):Zx[n]z‘” & X[« ZX(2) =UZ {x[n]}

n=0

(2) ROC is always the exterior of a circle
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9. Time and Frequency Characterization of Signals and Systems

Magnitude-phase representation of Fourier transform
(1) X(jow) :|X(ja))|ejéx(jw) or X(el?)= ‘x(ejw)‘eiéx(em)
(2) Magnitude

(a) |X (ja))|2 : energy density spectrum
. p2do .
(b) |X (Ja))| Ey. : energy in the frequency band [a),a) + da)]
V4

(c) |X (ja))| : relative magnitudes of complex exponentials that make up x(t)
(3) Phase

(a) 4| X( ja))| : relative phase of complex exponentials that make up X(t) and greatly
affects the signal

(b) Important in some case (image) and not important in some other case (sound)
LTI system

(1) Y(jo)=H(jo)X(jo) or Y(€I*)=H(E!*)Xx@e!)

() |Y(Ja))| = | H(Ja))” X (ja))| where |H(ja))| is the gain or magnitude distortion

(3) £Y(jo)=ZH(jo)+ £X(jo) where ZH(jw) is the phase shift or phase
distortion
(4) Linear and nonlinear phase

(a) Linear phase: delay without distortion,

H(jo)=e 1 < y(t)=x(t—t,) < delay of to

H(e!?)=e 1" < y[n]=x[n-n,] < delay of no
(b) Nonlinear phase: delay with distortion
(5) All-pass system: |H(ja))| =1 or ‘H(ejw)‘ =1
(6) Group delay: 7(w) = —%{LH(]@)} or 7(w)=- dd {LH(ej“’)}

w
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(a) Principal phase
(b) Unwrapped phase

Kyung Hee Univ.

(c) Dispersion: different frequency components delayed by different amounts

Bode plot

(1) Continuous-time

(a) Magnitude: 2010g10|H(ja))| versus log, f

(b) Phase: ZH(jw) versus log;, f

(2) Discrete-time

(a) Magnitude: 2010g10‘H(ej“’)‘ VErsus @

(b) Phase: ZH(el?) versus @

Ideal and nonideal filters
(1) Frequency domain specifications
(a) Passband
(b) Transition band
(c) Stop band
(d) Passband ripple
(e) Stopband ripple
(2) Time domain specifications
(a) Rise time
(b) Overshoot
(c) Ringing frequency
(d) Settling time

First-order continuous-time systems

dy(t)

(1) Differential equation: 7 ot +y(t) = x(1)
(a) ris the time constant
(2) Frequency response: H(jw) = -
Jor+1

(3) Impulse response: h(t) = le_t/Tu('[)
T
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(4) Step response: S(t) =h(t)*u(t) = [1 - e_t/f]u(t)
(5) Bode plot

(a) 2010g10|H(ja))| = —IOIOgIO[(a)T)2 + 1]

(b) ZH(jw)=—tan ' (w7)

Second-order continuous-time systems

Y() ()
dt?

(1) Differential equation: +20w, +oly(t) = wix(t)

(a) ¢'1s the damping ration
(b) an is the undamped natural frequency
(2) Frequency response:
q y resp

o
H(jo) =— .
(jo)* + 26wy (jo) + oy
2
oy, 2

= here ¢, =— + -1

(io—c.)jo—c) where €, = o, T w1/
=.M —.M whereM:L

Jo—-C, Jw-C_ 2 4’2_1

(3) Impulse response

@) If ¢#1, h(t)= |v|[eC+t —ec—t]u(t)

(a)If ¢=1, h(t)=w3te “ltu(t)

(4) Step response

et ot
@If C#1, s(t):h(t)*u(t):{1+ Ml:e —e—}}u(t)

c, ¢

@If c=1, s(t)= [l—e“"“t —a)nte_“’"t]u(t)

(5) Bode plot

2P 2
(a) 20log;o|H(jw)|=-10log, {1_[£J ] +4§2[£]
w

n
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o) 2H ,@(MJ

1-(0/w, )2
(6) Note that

() LH(jop)=—7
) If £<+2/220707, @y = @py1-2¢7 = argmin/H(jo)|

@) If ¢>+2/220707,

H(jaJ)| decreases monotonically

. 1
(d) Quality factor, Q= 2—§ defines a measure of the sharpness of the peak

First-order discrete-time systems

(1) Difference equation: y[n]—ay[n—1]=x[n],

al<1

(a) a determines the rate of the system response

(2) Frequency response: H (ejw) = ! .
1-ae™1®
(3) Impulse response: h[n]=a"u[n]
1_ n+l
(4) Step response: S[n]=h[n]*u[n]= " u[n]
(5) Bode plot
- 1
(@) [HE!) =

(1 +a’-2a cosa))l/2

(b) ZH(e!®)= —tan—l[

asinw
l1-acosw

Second-order discrete-time systems
(1) Difference equation: Yy[n]—2rcosdy[n—1]+ rzy[n -2]=Xx[n] , O0<r<1 and

0<O0<r

(a) r controlls the rate of decay of h[n]
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(b) @determines the frequency of oscillation
(2) Frequency response

i 1
He!?) = : :
™) 1-2rcos@e )? +r2e712®
B 1
[1—(reje)e‘j“’][1—(re‘jg)e‘j“’]
i A B
(@) If 6#0 and O=7x, H(E!?)= - — + : -
[1—(re'9)e"“’] [1—(re"9)e“"’]
jo -jo
A= _e‘ and B= ? -
2]sind 2]sinf
(b)If =0, H(ej“’):;_z
(l—re‘J‘")
jo 1
()If d=x, H(e )2—2
(1+re‘1”)
(3) Impulse response
i ) in{(n+1)8
(@) If 60 and 0% r, h[n]:{A(rew)n+B(re‘6)n}u[n]:r”M
siné
(@) If =0, h[n]=(n+1)r"un]
() If O=x, hin]=(n+1)(~r)"u[n]
(4) Step response
1—(rej‘9)n+1 1—(re‘j9)n+1
(aIf 6#0 and =7, gn]=|A | relf +B T/ u[n]
1 r n r n
(a)If 0=0, s[n]= — 1"+ ——(n+Dr" |u[n]
(r=1" (r-1) r—1

where

urn]
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(©If O=r. n]=|——+— "

(r+1)°  (r+1)’

(D)= u[n]
r+1

(5) If A and B are real for the case where €#0 and 6= 7,

1
(l—dle‘j“’)(l—dze‘j“’)

H(el”) = with [dy|<1 and |d,|<1

It corresponds to the difference equation, y[n]—(d;+d,)y[n—1]+d,d,y[n—2]=X[n].

Then, the frequency response is

Heloy-— A, B
1-die™ 1 1-dye™)?
d, d,
where A= and B= . Impulse response and step response are
dy—d, d, —d,

h[n] = [Adln + Bd;]u[n] and

B 1_d1n+1 1_d2n+1
s[n]_[A[ —d, }LB(—l—dz u[nj.
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10. Dualities in Fourier Transform

Summary of Signal and System

Kyung Hee Univ.

Continuous time

Discrete time

Time domain

Frequency domain

Time domain

Frequency domain

Fourier
series

continuous time
periodic in time

0]
X(t) = Zake”‘“’ot
k=—00

discrete frequency
aperiodic in frequency

a, = lJ- x(t)e k@t gt
TJr

discrete time
periodic in time

k=(N)

discrete frequency
periodic in frequency

a, = ﬁ Z x[nJe~ k7NN
n=(N)

Fourier
transform

continuous time
aperiodic in time

X(t) =2i X(jo)el?do

—00

continuous frequency
aperiodic in frequency

X(jo)=| xt)e 1dt

—00

discrete time
aperiodic in time

x[n] :ij X (e1?)el™d g
27w don

continuous frequency

periodic in frequency
o0

X(el®) = Z:x[n]e‘j”n

N=-o00
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11. EE3e} HE3 Fy9 W3 (Sampling and Sampling

Frequency Conversion)

¥ 23} (Sampling)

. o

ALAIZE AT x () E T AR Ao missts 495 A48 B
2t o], x.(t) £ band-limited Niii A F357F 2y =27y olgk 7}
45T}, uuu AL A7 ANE Y ZAFEgdFE Q27 JEhal o)Ak 17J e

FL:\

o
o AFarE ox YERT Xc(t)/] 2= Al 7} Fourier H3HH& o33
=5

QA AG x () ol wote Aow FRs W49 wueslu, gRs

T AT E xg(t) 2 3k

s(t)—Z§(t—nT) N S(j.Q)—Z”ZJ(.Q k2 ) Q Z&(Q—k.@s)

N=—0o0 k:—OO

o0

X (1) = X (DS() = X (1) DSt =nT)= » % (nT)(t-nT)

N=-o0 N=-o0
2 I
o], .Qs=27rfsz?ﬁ% wEs} Fupgolvh W, x(t) o AE-A7H
Fourier A%+ o5 o] F7HX =2 & 4 9l

X1 = X (*S(D == 3" Xo(i2- k2)

k=—00

Xs(J82) =J_O;<s(t)e‘jgtdt= f Zxc(nT)5(t—nT)e_thdt

N=—o0

o0 o0

= Z xc(nT)J'jg(t —nT)e 1t = Z X, (nT)e N7

N=—00 N=—0o0

ALAIZE AT x () A A FS T 2 Yo At 3Hnormalize) s},
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dd2x IS o]4h-AIZE < (sequence)Z FAZISle] JoJR| = o] A-AIZE A%
E x[n]ol}t 84,

X[n] = Xc(nT)
o]ar, x[n]e] ©]Aik-AlZt Fourier W32 vh-3}

1 i ion joN _ —jon
)= | X(E)e' Mo = X(e! )—Zx[n]e j

T
N=—c0
2AH, X (j= ) % (T)e T = xnje T oz
N=—0 N=—0

Xs(i2)=X@E)| =x@ET)

ot} mepd, F 2T uS Afold
o=T1%02

o #AAZF A Hstar, o]Ak-AIZF AlS x[n] €] Fourier W32 U529 F7HA =
v & gl
- 1 -« .
X (e12T) :?kz Xo(j2- jke2)
o~ o .27k
XE)=—) X |j=-j=
(e1?) TZ‘ C(JT . j
. Divide Time—» Discrete or
Continuous Axis by 7 .
. Normalized
Time Time
X, (nT) Multiply Time | X[n]
¢ Axis by T
. Multiply Frequency .
Continuous Axisby 7 Ilzllosrzlqﬂgltii:dr
Frequency —Frequency
w Divide Frequency
O=— L . — w=T0
T Axis by 7
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Xc(J€2)
1
> 0
~Qy 0 Oy
X (J-Q)
o)y £+ 0y
‘ | < | >
(4% =27/T)
X (e1?)
T
0 | | | > -
—W®n D T 2 4 szQ:EQ
OuT = o) (T =27) s

Nyquist ¥ 23} 2] (Nyquist sampling theorem)

st Fuaret A H Fu Abolo] thEe wAZE A HeA,
o]l_%o] T o]jl x]-r/} J}_r.7]. _QMcﬂ o]/\lﬁo xioﬂiq_ .»égﬂg 0]9-—0}01 oy
%ﬁ}é}oﬂ Aozl o] 3b-AIZE AT x[n] 22FE o] A& A AT x(1)
2 24 glo] e HeE 4 Ak

T ‘Q T
Q. >200 B OQu<—= E= o.<7
S M M 7 m

- £
oluj, 20,, & Nyquist rate ©] 2}3} 1L

7 S Nyquist T-3+2kal ko),

A& A7 A5 Y (Reconstruction of continuous-time signal)

x[n]= o|5o] Tola xAdFa7F Q2 o4 A5z dHd &
A1 71 interpolation ol o]3] Weo] AEH-AIZF AT x (1) 7F HLET &
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o0 o0

g o A% xs(t):Zxc(nT)é(t—nT):Zx[n]é(t—nT) 2 o]50] T olx

ARFAEIL 7fT=0/29] o14HQ) AGE Aelo] SHAATT 714
nz,

i : <7
sinzt/T & H(jQ) = re, 7r/
7t)T 0, otherwise

ojB®Z, AHEN Y FHZ

h(t) =

sin[7z(t—nT)/T]
x(t—nT)/T

X(1) = X(*h() = D X(n]

N=—0o0

7} 5™, x[n]E°] sinc &l 23] interpolation = o] A X(t) = x.(t) 7} €T}

¥ X3l Ful< WE (Sampling frequency conversion)

) A1l 9] downsampling
FES F7) T 2 HEE A5 xn]o2HEH, 1S F7] T'=MT 2
X2 S xy[nS Tk ASE AZE ®2Ak
Xpm[N]=X[Mn]=X.(NMT) = X.(nT")

0151,
jo\ - L0 27k
X(e'™) E XC(JT —Tj
o|lm =,
1 . 2rr
Xy (el?)= E X J—=—-]1—
( ) Tr - (J MT MT)
1
o], w=—ao"°|t}.

M
olA r=i+kM & & 3}, —o<k<owo]i 0<i<(M-1)°]1L,

M-1 0
D 1 1 .o .27k . 27i
Xy (e1? =—§ —E X - -
m () M {Tk C(JMT 175 JMT)}

i=0
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JENED X(ej“)%z Xc(jﬂ—j—jfﬂl/ﬂ
k

i(w'—27i 1~ o' =2xi 27k
X (el(@'-271)/M :_E:X( _ j
( ) T CVE

k=—o0
ojm=,
xM(ej“")=iMZ_:1x(ei<W'/M—2”‘/M))
M i=0
7} ¥t} Aliasing ©] HAYSHA] 7] fsA =

2
o = MTQy, <7 T V”>2T.(2M=2a)m T ﬁ>a)m 0 >2MQy

oo Ft}.
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Xc(1€2)
1
> 0
—Qy 0 Oy
Xs(1€2)
—oy, ° S/2 Q, 20, Q:%w:f_sa,
T
Xsy (1€2)
1/ MT
0 QM 20/M

— a)!
MT  27M
X (e1?)
L/T
—o, Y e, 27 A 0=T0=-20
‘QS
X (e)
1/ MT
- wn 7 2

47T o'=MTQ= Mz—ﬁ_Q

Hze wEH 7

SISl A FokM (5, & <2MQy ), M-
downsampling ©| 23| aliasing ©] A& o B gl AF-ole, AT
7V z/M QD ol AR HAE AoEy 2

HE AF8-38t %, downsampling $HCh
ole]gt ¥} -& decimation o] 2} ST},
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v
Q
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(2) A5l upsampling

FEst F71 T = FE8e AS xnje=5H, 183t 7] T'=T/L=
FESS A% x [n]E I A5 A 2Akon o] L9 ulgl A S
= x [n]=x[n/L]1=x,(nT/L)=x,(nT") ©]aL, n o] L <] w57} ofd Aol =
x [N]=02 =2 3tc}. =,

x[n/L], n=0,+L,+2L,-
x [n]= :
0, otherwise

xunl= ) X{kJoIn- kL]

k
b

o0
=—00

olt}, o]4k-AlZt Fourier W3S

X (el?'y = ZL Zx[k]é[nkL]]ej“"” - Zx[k]e—j“” Lk _ x (eieL)

Nn=—oo\ k=—o0 k=—o0

Oft

ek, X (@) & X@E9) 9 0 HE L 2 yrolgoan THdn (5,

o|t}, whElA], upsampling = L ApA|] 2] 3t aliasing ©] A SHA] 2=

defel A5 xnjo]l F&s] 2 FE3F Fukgrol] od FEstE AlS oA
aliasing ©] AsA] drtar 7HF et} o] 5o L ola ApdFutrt £/L <)
oA YAd A9Ed HEl x [n]= §3A71H, interpolation °f 2] 3|
I =Y g n]S e AEAT AE x () E T'=T/L ZE3 F7|=
mEA RS Ayel sUstA ok
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Xc (162
1
>
o MAUNe
M M
X (e1?)
T
0=T0=%0
P2
Oon=7 7 27 41w =TQL="C0
2 alL
AHE”Y | 7 =
€)o7 7
L L2
0 7 27 4r o =TQL=" 0
PA
XL () =HE)X ')
L/Tzl/T'
O o 7 27 47 w0 =TOQIL=2"0
€
Q) T B23 T ¥
L-interpolator ¢ &% M-decimator ] ol AA3}= cascade ATl
s M/Lule] ER3} FoE AL 5 glrk
50 Eung Je Woo
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12. LTI A|2="9] Fu4 o9 3|4 (Analysis of LTI System in

Frequency Domain)

LTI (Linear Time Invariant) system
LTI A28 §%8 2l et 2ot

yin]=hinjxinl= > X(kIhin-k] <2 Y(2)=H@)X(2)

Fa4 S (frequency response)S z=el? oA, Y(eI?)=H(e?)X(?) o] 1

meb H(e J“’)_Y(e )) olt}. o],
TGS
(1) ‘H(e’“’)‘=—_ : magnitude response 5= gain
xcet)

(2) arg{H(ejw)} = ZH(e'®) = £Y(e)?)— 2X (e}) : phase response =+ phase

shift
3) t(w)= grd{LH(ejw)} = —di{LH(ej”)} : group delay
®
o] 7] ol A, group delay & “number of samples”= 1 T =2 7FA| ™, 9749 A
S Y= HZolth 9HeF group delay 7} A7F ofu ety 914 do] H
AFAAS ou g

—}

0

o]’ <l LPF ¥ HPF
ol 4#Ql LPF &= the v} g Fup g JHdh &,

_ 1, <

0, a)c<|a)|<7r
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4 Hlp(ejw)

SV

et

. . ¢ .
hip[n] =£;L Hm@”ﬁemmmvzz%j el“"dw

-

A2 noncausal system ©| T},

o] 44 <l HPF & U3 22 T3¢ $HS 7M. &

Hip(81”) = 1= Hy, (e7?)

th(eja))

-0, |0 w. 7« 2

w2}, hy[n] = Sl = oTn] - 2220 o] 53

, 9 A] noncausal system ©| T},
n

2 oy AT WE AN e A2ES 8] wi)

hy[n]=d[n—ng]o] 3, Hy(el?)= Zo”[n—nOI Jeion —e719% o)1}, whEA,

N=—o0
‘Hd(ej“’)‘:l o]aL LHd(ej“’):—a)nd, —-T<w<r

ojth. fdAAel Fao AFFTTYUE FHstel ©]E linear phase 2Fal &
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olt}. o] A A] noncausal system ©] T}

Linear constant coefficient difference equation 2. H+ LTI A &H
oo £3l= LTI AT v Ao=m gddn

N M N M
Zaky[n —k]= Zbkx[n —k] <% Zakz_kY(z) - Zbkz‘k X (2)
k=0 k=0 k=0

k=0

we}A, A& s+ rational function ©] ¥ il

M M
Zbkz‘k (l—ckz‘l)
H(z) = Y(@) _ =0 _bo St
X(2) % O
ayz 1-d,z
; ‘ ‘Ezdf( k )
1} =

oe], Selt vl AES & F 9

(1) =19 (l—ckz_l)% zeroat z=¢, 9} poleatz=0%5 <|v|3hct,

(2) =59 (1—dkz_1)% poleat z=d, ¢} zeroatz=0E <73t}

(3) h[n]=0 forn <0 =, A]2=®l0] causal 3}tHH, ROC &= 71 Hroll 91X
gk pole o] vpZZo] FHr}
(4) A]2="lo] stable 5}7] 9134 = ROC 7} WFE=A] T2 (unit circle)

2]=12 EFstelok @k,

(5) Al=Elo] causal S}al It stable d}7] 93X & REE pole 52 Tl

ol ] x| shofo gt

Inverse A]ZHEl
AL H(z) S 7FA= LTI A1 289 inverse A 28-S & BAF =,
G(z) = H(2)H;(z2) =1 X+ g[n]=h[n]xh[n]=d[n] °]o]oF S22, inverse Al~H

o AP
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1 i 1
Hi(2)=—— & Hielo)y=——
(OR e )= e

otk WeF, H(2) 7k EABIH, ol H@ ol 9% EE FHA FAT
F 9SS udtt e, ol| woll A H(e!”) =0 o2, inverse Al
EAA AE AL, o] S 0o] HW FHAH & dE WHEel fleg 9
ok olml, H(z) 9l zero & 91Xt He!”) =09 #7=2

RheF, inverse AR, H(z) ©] AL H(z) 9 Hi(2) 7} EF causal R
stable 3FTHH, o]= H(z) ¢ R+ pole 53 E+ zero 5°] T WFo 91X
stojof &8 onjdlr) o] 9 & A A ¥lS- minimum phase system ©] 2} 1. ST}

juiti}
rlo

d

]

Impulse response: IIR and FIR
AEET H(z) 9 pole 52 X5 single pole ©]2tH, th&3 o] Arj|st

T AT =,
M—-N
r A
X(2) = Bz + —
r=0 k=1,k |1_dkZ
if M>N single poles

k24, impulse response

M—-N N
hin]= " Brln—rl+ > Adfuin]
r=0

k=1
ot} ofm, BE A Eo] Tk 0 o[ hnjl Ao|7t fakela, 1EA o
hin]> F-3k3k dol& 7hxith uwhetA,
(1) FIR (finite impulse response): A, =0, VK, no pole, all zero

a", 0<n<M

0, otherwise

of|: h[n] ={ : FIR

(2) IIR (infinite impulse response): A, # 0, for some K, at least one pole

o: y[n]-ay[n-1]=x[n] = h[n]=a"u[n] : IR

Frequency response of rational system function

(1) Gain in dB = 2010g‘H(ejw)‘
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- Attenuation in dB = —2010g‘ H(e jw)‘ = — (Gain in dB)
) arg{H(ejw)} = ZH(e1?) = 2Y(e1?) - 2X (e1?)

- Principal value & AXE | weEbd —z< ZHE9) <79 #S 7HATh

-uebA, 2279 discontinuity 7} A 4= Qi)
-0l 27 discontinuity & ET AASY dAE5TFR s AL
phase unwrapping ©] 2} gt}
(3) (@) = grd{ £H(e’ )}z—%{LH(eJ )}
(4) Pole-zero plot & ZF-F| frequency response & F=5l Z o] 7Fssit). &, ¢
Y =HA
- Pole ©] 7}7FI A gain ©] F7Fs)al
- Zero 7} 7}7HI AW gain ©] 7FA-gho)
(5) <l

z-a i
SHO) =2, a=rel?: r>1,r=1,r<1 2 9:0,9:%,94
YA

2 _
- H@) = 5 a=rel?: r>1,r=Lr<1 2 0=0,0==.0=1
(z-a) 2

0.05634(1 + z‘l)(l —1011627" + 2‘2)

(1—0.683z‘1)(1 1446177 +O.7957z‘2)

Hist ZH Atole] @A

Linear constant coefficient difference equation &= T &#Ho| 7}53 LTI A ~H)

o] HAYst4 H(z) © rational function ©|t}.  ojuf, |H|=‘H(ejw)‘ o}

ot

ZH = ZH(e!?) Atololl= th&e] @A Eo] A Y3t}

|H| and
(1)

= finite number of choices for /H
# of poles and zeros

/H and

(2) |H| within a scale factor <=
# of poles and zeros
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(3) If H(z) is minimum phase, then
|H| = /H and a|H| < /H with o unknown.
(4) Pole ¥} zero £9] #A

‘H(ela))‘2 _ H(eja))H*(eja)) _ H(Z)H*(I/Z*) ‘Z:ejw = C(Z) |Z:ejm

z=rel?, 7" =re7i®, l:le—iw’ L*:lejw
z T z r
M ( ) M ( )
-z 1-¢ 2
HEz) = 2L and H' ()= 0Kl
TI0-0a7) © T (-di)
k=1 i
M
2 | (e )(1-c2)
C(z)=H(z)H*(i*)=[Z_oj )
R | [ ()
k=

wEkA], C(z) 9 pole ¥ zero 52 Zt7Zt real ©]AY o} conjugate
reciprocal pair ©]o]of gttt & EW, th3o F AIZ=HA |H)|=|H,| olH
ZH, # ZH, o]t} =,

21-z7")1+0527")
(1-08e74z7")(1-08e 71742 7")

(1-27")(1+227")

(1—0.8ej”/4z‘1)(1—0.8e‘j”/4z‘1)

Hi(2) =

, ()=

-1 *
(5) Uncertainty: %ok, H(z) = Hl(z)i 2 olgw
—aZ

C(2)= H@H"(1/2") = Hi(2)H; (1/2")

test 2e AGFEE JPAE ALES allpass Awol ek dk

a|<1,

*
Hap(z):%, z|>|a]
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: —lo _g* : Lo .
€ —a _ipl—ae
Hop(e!)=—— =" —— = ‘Hap(ej“’)‘ﬂ
1-ae™! 1-ae™!
AW Q1 all-pass Al 2=Hle] HAEey+=
JEEN g ),
Hap(2) =

. 1-dz”! L (l—ekz‘l)(l—e;z‘l)

O]j]_

dy|<1 2 |e]<1% ul stable 3t3L causal 3}7] ¥ T} Pole ¥ zero &= 7t

2 M=(2Mg+ M) 7] Hola, gzt g 548 AR
(1) [Hap(e)[=1

(2) ZHgy(e?)<0

3) (w)=0
(4) Minimum phase system
ul ek, phase B2+= group delay compensation ©l| ©]-8-% T,

Minimum phase system
Minimum phase system < U3 2 543 7tk
(1) 2 pole T} zero & T WlF-of &A1
(2) Inverse system ©] =] gk},
(3) Minimum phase ©| t}.

(4) |H| = /H 181 a|H| < /H with a unknown

AEs4=7} rational function Q1 =& LTI AlA~H9 HEE<1= minimum

o
= =
phase Y39} all-pass AL wo= AT F Q. =,
H(2) = Hpnp (2)Hap(2)

THek, H(z) 7F 29 ol e zero & 7FAAL Y A2l BEE pole I zero

oA el 9 ASE s B e, [c|<1l hstel
ok 4 oz =¢
H@) =H @)z " -c)=H @)z "¢ )F: Hinp (2)Hap (2)
ojt}.

Aot 22 d9°l, H(z) & stable 3}l causal 3F inverse system <=
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I
(2) = £
HI(Z) Hmp(Z) 7]‘ Lq— O]Eq],
G(2) = H(2)H;(2) = Hgp(2)
oL, [G(e})=101H £G(e)”) = LHy(e)?) ol 1.

oA Al: th& Al2~E19] inverse system <=7 Inverse filtering 3+ $-2] A3}=2?

H(2) = (1-09e/%727)(1-09e 7120727 )(1- 12518721 )(1- 12567187271

Minimum phase system ] 8 574

(1) Minimum phase lag:

LH=LHpy+ ZHyy B ZHpp <0 = ZH < ZHy

ap =
&, ZHE) =08 84 HE)= ) hiny>09] #7lo] Fasit
(2) Minimum group delay:
grd{H} = grd{Hmp}+grd{Hap} 2 grd{Hap} >0 = grd{H}> grd{Hmp}
(3) Minimum energy delay:

|H|:\Hmp\ = |h[0]|<\hmp[01\

)

=0
U3 7] partial energy & 7 2] 5}H

E[n]= Z|h[m]|2

hin] [ =ir ‘H(ej“’)‘zda} - ir ‘Hmp(ej“’)‘zda) - Z\ pl1] \2
-z -z —ry

> i < Z\hmp[m]\2
m=0 m=0

mebA, el A7l n=0 2Ad PEHo] AL

o)
=

o

4
E
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